High-dimensional Limit of SGD
for Adaptive Stepsize Algorithms
and Diagonal Linear Networks

Begonia Garcia Malaxechebarria

A dissertation submitted in partial fulfillment of the
requirements for the degree of

Doctor of Philosophy

University of Washington

2026

Reading Committee:
Dmitriy Drusvyatskiy, Chair
Courtney Paquette

Maryam Fazel

Program Authorized to Offer Degree:
Mathematics



©Copyright 2026

Begonia Garcia Malaxechebarria



University of Washington

Abstract

High-dimensional Limit of SGD
for Adaptive Stepsize Algorithms
and Diagonal Linear Networks

Begona Garcia Malaxechebarria

Chair of the Supervisory Committee:
Professor and HDSI Faculty Fellow Dmitriy Drusvyatskiy

Halicioglu Data Science Institute (HDSI)
University of California San Diego

Although stochastic gradient methods are widely used in practice, a complete theoretical
understanding of their dynamics is still lacking. Classical analyses typically rely on asymp-
totic regimes with vanishing stepsizes, leading to continuous-time approximations such as
deterministic gradient flow or small-noise diffusion models, which often fail to capture the
rich behavior observed in practice. This thesis develops a unified framework for describing
stochastic gradient descent (SGD) at finite stepsizes through high-dimensional limits, where
algorithmic randomness gives rise to deterministic evolution laws for key quantities of interest.

We begin by studying adaptive stepsize methods in high-dimensional optimization prob-
lems, which we refer to as the high line. In this setting, we show that both the risk and the
stepsize dynamics of one-pass SGD admit exact deterministic descriptions via a system of
ordinary differential equations. This perspective enables a precise analysis of commonly used
adaptive strategies. In particular, we demonstrate that idealized line search procedures can
exhibit arbitrarily slow convergence compared to optimally tuned fixed stepsizes, even in
simple least squares problems. We further characterize the long-time behavior of adaptive
methods such as AdaGrad-Norm, showing that their stepsizes converge to explicit determin-
istic limits governed by the spectral properties of the data covariance, and uncover phase

transitions under power-law eigenvalue distributions.



We then turn to diagonal linear networks as a canonical model for understanding neural
optimization. In the high-dimensional setting, the trajectory of stochastic gradient descent
admits a continuous-time stochastic representation, formalized through a stochastic differential
equation, in which the deterministic and stochastic components of the dynamics are explicitly
disentangled. This representation induces a closed deterministic evolution for a collection of
low-dimensional summary statistics, including measures of risk and curvature. Leveraging this
structure, we obtain a sharp description of the global behavior of the dynamics, establishing
well-posedness and exponential convergence to zero risk with high probability.

Together, these results demonstrate that, in high-dimensional settings, stochastic gradient
methods admit precise deterministic descriptions that capture both optimization performance
and stepsize behavior. This perspective offers a new lens on algorithmic design and analysis,

bridging stochastic optimization, high-dimensional probability, and dynamical systems.
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Chapter 1

INTRODUCTION

Modern machine learning operates in regimes where both the parameter dimension and the
sample size are very large. In such settings, stochastic optimization algorithms often exhibit
a remarkable form of concentration: despite their inherent randomness, their trajectories
display stable and predictable behavior. In machine learning, this phenomenon appears in
stochastic gradient descent (SGD), where training curves become stable, risk trajectories
concentrate, and the dynamics are often reproducible across random data samples. These
observations raise a fundamental question: why do high-dimensional stochastic optimization
algorithms give rise to deterministic laws at the level of observable quantities?

This perspective is reminiscent of statistical physics, where microscopic randomness in large
interacting systems gives rise to predictable macroscopic behavior through averaging effects.
Mean-field equations, for example, describe the evolution of aggregate observables without
tracking every random microscopic interaction. Despite their different motivations, both lines
of work reveal the same underlying phenomenon: stochastic dynamics concentrate around
deterministic limits in high dimensions. In this spirit, this thesis develops a mathematical

framework for understanding stochastic optimization algorithms at scale.

Since the exact analysis of stochastic optimization algorithms is intractable, it is necessary
to adopt reduced descriptions that capture their essential behavior. A classical approach is to
approximate the discrete dynamics by continuous-time models. When the stepsize tends to
zero, SGD is well approximated by gradient flow, a deterministic ordinary differential equation
describing the evolution of the parameters. A refined description incorporates stochasticity
through stochastic differential equations (SDEs), yielding stochastic gradient flow [75]. These
diffusion approximations provide an explicit characterization of the noise in SGD and have
been widely used in stochastic approximation theory. While powerful, they rely on vanishing

stepsizes and are typically derived in fixed-dimensional settings. As a result, they do not



capture regimes with finite or large stepsizes, where qualitatively different phenomena emerge.
In particular, they fail to describe structured noise effects such as transient growth in risk
and rapid changes in curvature observed in modern practice.

In regimes with large stepsizes, SGD empirically exhibits stochastic effects not captured by
classical theory, including transient growth in risk, rapid changes in curvature, and eventual
stabilization. These are closely associated with phenomena such as edge-of-stability behavior,
the catapult mechanism, and progressive sharpening. These observations highlight a gap in
existing theory. Classical diffusion approximations are not valid beyond the small stepsize
regime, and there is no clear small parameter governing the dynamics that would justify a
perturbative analysis. This motivates the search for alternative asymptotic regimes.

In this work, we consider a complementary asymptotic regime in which the dimension
tends to infinity while the stepsize remains fixed, a setting motivated by modern machine
learning applications where both quantities can be large. In high dimensions, the dynamics of
SGD exhibit concentration phenomena: key observable statistics evolve deterministically in
the limit. This suggests the existence of a deterministic equivalent governing their evolution.

The behavior of SGD in this regime admits a multiscale description:

e Microscopic level: the discrete stochastic dynamics of SGD,

e Mesoscopic level: a homogenized stochastic differential equation describing the

evolution of the parameters,

e Macroscopic level: a deterministic partial integro-differential equation governing the

evolution of observable statistics.

These levels provide a unified framework linking stochastic optimization, diffusion approxima-
tions, and deterministic limits. The homogenized SDE provides a computationally efficient
description of the stochastic dynamics of SGD, while the deterministic equivalent predicts
the evolution of observable statistics without stochastic fluctuations. Together, these tools
offer a reduced description of high-dimensional learning dynamics.

The main contributions of this dissertation are developed in Chapters 2 and 3, each

corresponding to a research paper.



Chapter 2 studies the high-dimensional behavior of stochastic gradient descent for adaptive
stepsize algorithms, with the goal of understanding how data-dependent stepsizes interact
with stochastic dynamics in high dimensions. We show that similar high-dimensional limits
can be derived in this setting, yielding effective descriptions of the dynamics and revealing
new phenomena specific to adaptive methods.

Chapter 3 extends this framework to diagonal linear networks. In this setting, we show
that the dynamics of SGD are accurately described by a homogenized stochastic differential
equation, which captures the stochastic evolution of the parameters at finite stepsizes.
Building on this representation, we derive a deterministic equivalent governing the evolution
of observable statistics, providing a precise description of quantities such as the risk and
curvature along the trajectory.

The organization of the dissertation is as follows. Chapter 1 provides an introduction and
background. Chapter 2 focuses on adaptive stepsize algorithms and their high-dimensional
behavior. Chapter 3 presents the high-dimensional limit of SGD for diagonal linear networks
and develops the associated stochastic and deterministic descriptions.

The material in Chapters 2 and 3 is based on the following papers:

e Elizabeth Collins-Woodfin, Inbar Seroussi, Begonia Garcia Malaxechebarria, Andrew
W. Mackenzie, Elliot Paquette, and Courtney Paquette. The high line: Exact risk and

stepsize curves of stochastic adaptive stepsize algorithms. NeurlPS, 2024

e Begona Garcia Malaxechebarria, Courtney Paquette, Maryam Fazel, and Dmitriy
Drusvyatskiy. High-dimensional Limit of SGD for Diagonal Linear Networks. Preprint
arXi:, 2026

Together, these chapters develop a precise understanding of stochastic optimization dynamics

in high-dimensional regimes at finite stepsizes.
1.1 High-dimensional Model Structure

We begin by describing the common high-dimensional framework underlying the results in

Chapters 2 and 3. In both settings, we study SGD applied to optimization problems defined



through a population risk of the form

R(.%') = Ea,s [f(<ﬁ(:v),a>, </3*7a>75)]7 (1'1)

where a € R? denotes high-dimensional Gaussian data with a ~ N(0,K), B(z) € R? is
a parameter-dependent feature map, 8* € R? represents a target parameter, and f is an
a-pseudo-Lipschitz loss (e.g., mean-squared error or logistic loss).

The covariance matrix K € R4*? is assumed to have uniformly bounded operator norm,
1Kl < K for some constant K > 0 independent of d. In addition, we assume that the trace
of K scales linearly with the dimension, Tr(K) = ©(d), reflecting that the total variance
of the input distribution remains proportional to the ambient dimension. Our results are
calibrated for this high-dimensional regime. When Tr(K) grows more slowly than d, different
stepsize scalings may be required to obtain nontrivial limiting behavior.

In Chapter 2, the parameter map is linear, (z) = x € R?, and the data (a,¢) € R x R
include additive Gaussian noise with & ~ A/(0,w?), while the covariance matrix K is general.
This framework applies to several fundamental models in machine learning, including linear
regression, simplified neural network training models, and multi-class logistic regression.

In Chapter 3, the parameter §(z) € R? is obtained through a component-wise quadratic
feature map ¢, where x € R??. In this setting, the data are noiseless and consist only of
a ~ N(0,K), with K assumed diagonal. Due to the high-dimensional scaling, the inner
products (3(z), a) and (5*, a) are normalized by 1/v/d before being evaluated by f. A central
example throughout the chapter is the two-layer diagonal linear network, where x = (u, v)
and () = u ® v. These models have been widely studied as a minimal nonconvex setting

that captures phenomena such as implicit regularization and sparse recovery |38, 47, 75, 83].
1.2 Algorithm Formulation

To solve (1.1), we consider a streaming (or one-pass) stochastic gradient descent scheme.
At each iteration, a fresh sample a1 ~ N (0, K) is drawn, and the iterates are updated

according to the recurrence

Tht1 = Tk — Yk Va U (Tk; agy1),



where U(z,a) denotes the integrand in (1.1).

The choice of stepsize differs across the two settings. In Chapter 2, we consider adaptive
stepsize schemes under mild conditions satisfied by methods such as AdaGrad-Norm, DoG,
D-Adaptation, and RMSProp. In contrast, Chapter 3 focuses on bounded deterministic

stepsize schedules, including fixed stepsizes and polynomial decay.

1.3 High-dimensional Diffusion Approximation for SGD

To analyze the high-dimensional behavior of SGD, we introduce a continuous-time stochastic

process that captures its effective evolution. Namely, we define the homogenized SGD:

Xy = —(t) VR(Xy) dt + 4(t) \/Ea [Vf(w(xt), a>)2} V(X VE/ddB,  (1.2)

where Xy = z¢ and B; is a standard Brownian motion in R%. To compare SGD with
homogenized SGD, we embed the discrete iterates {xj} into continuous time by identifying
the k-th iterate with time ¢ through k& = [td]. Under this scaling, one unit of time corresponds
to d SGD iterations. We prove that, in a variety of settings, the SGD iterates track the
homogenized SGD dynamics in an appropriate sense as d tends to infinity.

Homogenized SGD separates the deterministic drift, driven by the population risk R, from
a diffusion term that captures the effect of gradient noise. The diffusion structure reflects
both the data distribution and the feature map (3. This process also provides a convenient
and effective description of SGD: it allows one to track the evolution of many quantities of
interest through It6 calculus, often serves as a practical tool for numerical simulation via
schemes such as Euler—-Maruyama, and enables a natural route to identifying deterministic
limits for observable statistics.

A key conceptual distinction between our framework and classical diffusion approximations
lies in the regime under which the continuous-time description becomes accurate. Traditional
diffusion approximations are derived at fixed dimension and rely on the small stepsize limit
v — 0, where stochastic fluctuations vanish and the dynamics converge to a gradient flow or
a perturbed-gradient-flow SDE.

In contrast, our approach operates in a high-dimensional regime where d — oo while the

stepsize remains fixed. In this setting, the effective dynamics are governed by high-dimensional



concentration rather than vanishing stepsizes. As a result, the diffusion coefficient is not
calibrated through covariance matching, but instead arises from a high-dimensional limit
theory. This leads to an SDE model that remains accurate at finite stepsizes and captures
phenomena beyond the scope of classical diffusion approximations.

While the homogenized SGD provides a useful mesoscopic description of the dynamics,
it is not always necessary for the analysis. In Chapter 2, the concentration of observable
statistics can be established directly from the discrete-time dynamics, without passing
through a continuous-time approximation. The SDE framework becomes particularly useful
in Chapter 3, where it serves as an intermediate description linking the stochastic dynamics
to a deterministic evolution of statistics and enables the derivation of precise stability and
convergence guarantees.

In the next section, we rigorously show that the homogenized SGD provides an accurate

description of the dynamics of SGD in high dimensions, even at finite stepsizes.

1.4 High-dimensional Concentration of SGD and its Diffusion Approximation

This section formalizes the main concentration phenomenon: in the high-dimensional regime,
both streaming SGD and the homogenized SGD concentrate around the same deterministic
dynamics. The key idea is that, under our structural assumptions, the learning dynamics
can be described through a small collection of low-dimensional statistics.

1.4.1 Cowvariance Representation

To make this precise, we introduce the block matrix
W(z) = [B(x)] " 1a] € R,

and define the associated covariance matrix of the random vector W (x)Ta € R?
B(z) :=W(z) KW (z) € R®3,

(with an additional normalization by 1/d in Chapter 3).
Since the risk R(z) depends on x only through the Gaussian vector W (z) " a, the learning

dynamics can be summarized by the matrix B(z). In particular, there exists a function



h : R3*3 — R whose derivative Vh is a-pseudo-Lipschitz and such that

Similarly, the second-moment quantity controlling the size of the stochastic gradient noise

depends only on B(z): there exists an a-pseudo-Lipschitz function I : R3*3 — R such that

E, |Vf((8(@),a))’] = 1(B(a)).

This reduction shows that both the drift and diffusion of the learning dynamics are
governed by a low-dimensional summary of the state. Next, we further encode this information
through a resolvent-based matrix S(z, z), which provides a convenient representation for

tracking the evolution of these statistics.

1.4.2 Resolvent-based Representation

To obtain a tractable description of the learning dynamics, we further lift the low-dimensional
statistics B(x) into a resolvent-based representation.

In the setting of Chapter 2, for a complex parameter z € C, we define the matrix

Qz,2) = R(z; K) = (2 Ig — K)fl,

and introduce the associated 3 x 3 matrix
S(,2) == W(2) QU 2) W(a),

where W (x) is the stacked matrix defined previously.

The key point is that the map z — S(z, z) encodes all the information contained in B(x).
In particular, B(z) can be recovered from S(z, z) through a contour integral representation
based on the Cauchy integral formula, and hence the evolution of S(z, z) fully determines
the learning curves and other observable statistics.

In the setting of Chapter 3, the nonlinear (quadratic) structure of the feature map 1
leads to a more intricate resolvent representation involving multiple spectral parameters. In

this case, for a complex vector z € C*, we define

Q(z,2) = R(z1; diag(u)) R(22; diag(v)) R(zs; diag(8")) R(z4; K),



and the associated 3 x 3 matrix is defined by
1 T
S(z,z) = &W(x) Qz, z)W(x).

Thus, the representation is built from products of several resolvents, capturing higher-order
interactions induced by the nonlinear parametrization. Despite this added complexity, the
same principle applies: the resulting resolvent representation provides a compact description
of the state of the system and governs the evolution of observable statistics.

In particular, we evaluate these quantities along both the discrete dynamics, writing

S(zg, z) and B(xy), and the diffusion approximation, writing S(X¢, z) and B(X;).

1.4.83 Concentration of the Dynamics

We now state the main concentration phenomenon at the level of the low-dimensional
statistics. In the high-dimensional regime, the learning dynamics admit a deterministic limit

characterized by the (local) solution of the partial integro-differential equation
I (t,-) = ?(-,Y(t, )), Z(0,z) = S(xo, 2), (1.3)

where F is defined in (B.5) and involves contour integrals and derivatives in z.

To ensure a meaningful high-dimensional limit, we impose scaling assumptions on the
initialization and target parameters. In Chapter 2, we assume that the Fuclidean norms of
xo and 8* are bounded independently of d. In Chapter 3, we instead assume that the entries
of g and * are uniformly bounded in d.

We also require that the stochastic dynamics remain stable over time. In Chapter 2, this
is ensured by assuming o < 1. In Chapter 3, stability can in some cases be verified directly
from more primitive conditions. For instance, in certain regimes, sufficiently small fixed

stepsizes guarantee that the risk converges exponentially fast with high probability.

Concentration of S (informal). Let .”(¢,z) denote the deterministic solution of (1.3).
Then, for any fixed time horizon and uniformly over spectral parameters z ranging over

contours that remain a fixed positive distance from the relevant spectra, both the discrete



SGD iterates and the homogenized SDE remain close to this deterministic trajectory:
S(xI_tdjaz) %y(t,z% S(xtaz) %y(t>z)>

uniformly over bounded time intervals with high probability.

This result shows that, despite the stochastic nature of the algorithm, the learning
dynamics become effectively deterministic in high dimensions. Moreover, both SGD and its
diffusion approximation follow the same limiting trajectory, providing a unified description

at the level of observable statistics.

1.4.4 Other Statistics

The concentration of S transfers to any statistic that can be expressed through the same
resolvent-based representation. Concretely, this includes quantities that can be written as
contour integrals of functions of S(z,z), or recovered from the low-dimensional statistics
B(x). The contour-integral representation is useful because uniform control of S(z, z) along

the contours implies control of the resulting statistic.

Concentration of ¢ (informal). Let p(x) be an admissible observable, meaning that it
can be represented through the low-dimensional statistics B(x) or through contour integrals

involving S(z, z). Then there exists a deterministic function ¢(¢) such that

o(xa)) = (),  o(Xe) = 9(1),

uniformly over bounded time intervals with high probability.

Thus, the deterministic limit is not limited to the core statistics B(z). It also governs
many quantities of interest, such as risk, curvature, norms, and estimation error, whenever
these quantities admit such a representation. In this sense, the resolvent dynamics provide a

macroscopic description of the learning process.

1.5 Adaptive Stepsize Algorithms Analysis

We now apply the proposed framework to the analysis of adaptive stepsize algorithms. In

particular, we consider two representative methods on the least squares problem: exact
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line-search and AdaGrad-Norm. These examples illustrate how the framework can be used
to analyze adaptive methods, and suggest that similar techniques extend to a broader class

of losses and stepsize schemes.

1.5.1 Idealized Exact Line Search and Polyak Stepsize

We first illustrate the framework through two classical idealized stepsize strategies: exact line
search and the Polyak stepsize. In deterministic optimization, these rules select the stepsize
that maximally decreases either the objective function (exact line search) or a measure of
distance to optimality (Polyak stepsize) at each iteration.

In the stochastic setting, we define analogous strategies by applying these principles to the
deterministic limits of the learning dynamics. Since SGD concentrates around deterministic
trajectories in high dimensions, we choose stepsizes that optimize the evolution of the
corresponding deterministic quantities.

Let 2(t) denote a deterministic measure of distance to optimality. A natural threshold to
consider is the largest stepsize such that dZ(t) < 0. The Polyak stepsize is then defined as
the greedy stepsize strategy that maximizes the rate of decrease in the distance to optimality
at each iteration:

PO € arg min, dZ(t).

In the least squares setting, this yields a stepsize proportional to the maximal stable stepsize.

Polyak stepsize (informal). In the least squares setting, the Polyak stepsize is propor-
tional to this stability threshold and, in particular, is given by a constant fraction of the
maximal stepsize that ensures contraction. In the noiseless case, this threshold depends
explicitly on the average eigenvalue of the covariance matrix, Tr(K)/d, and recovers the
optimal fixed stepsize up to constant factors.

Similarly, exact line search selects the learning rate that maximally decreases the deter-
ministic risk Z(t):

yime € arg min, dZ(t).

This corresponds to a greedy strategy that optimizes the instantaneous decrease of the risk.
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Exact line search (informal). While exact line search optimizes the instantaneous
decrease of the risk, its long-term behavior is sensitive to the spectral structure of the
covariance matrix. In particular, in anisotropic settings, it can lead to suboptimal convergence
rates compared to the Polyak stepsize, despite being greedy at each step.

These results highlight that optimal stepsize strategies in high dimensions are governed
by global properties of the data distribution, rather than purely local optimization criteria.
In particular, optimizing for risk and distance to optimality can lead to qualitatively different

behaviors, especially when the covariance matrix exhibits strong spectral heterogeneity.

1.5.2 AdaGrad-Norm

We now analyze a practical adaptive stepsize scheme, AdaGrad-Norm, within the pro-
posed framework. Unlike the idealized strategies considered previously, AdaGrad-Norm is
implementable and widely used in stochastic optimization. Our analysis yields a precise
characterization of its high-dimensional behavior, revealing how the stepsize dynamics depend

on the interaction between noise and the spectral structure of the data.

Noisy regime (informal). In the presence of additive noise, the AdaGrad-Norm stepsize
decays universally as

Ve = t_1/27

independently of the covariance structure of the data. In particular, the asymptotic behavior

is governed solely by the noise level and not by the spectrum of K.

Noiseless regime (informal). In the absence of noise, the behavior of the stepsize depends
strongly on the spectral properties of the covariance matrix. When the spectrum of K is
well-conditioned (e.g., Amin(K) bounded away from zero), the stepsize remains bounded away

from zero and converges to a positive constant determined by Tr(K)/d and the initialization.

Spectral phase transition (informal). When the covariance matrix exhibits a heavy-
tailed spectrum, the stepsize can decay to zero at a rate determined by the interaction between

the spectral distribution and the initialization. In particular, for power-law spectra, the
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dynamics exhibit a phase transition: depending on the spectral exponent and initialization
alignment, the stepsize either remains bounded or decays polynomially in time.

These results show that, unlike in the noisy regime, the behavior of adaptive stepsizes
in high dimensions is governed by global spectral properties of the data. In particular,
AdaGrad-Norm implicitly adapts to the effective dimensionality of the problem, leading to

qualitatively different learning dynamics depending on the structure of the covariance matrix.

1.6 Diagonal Linear Networks Analysis

As a concrete application of our framework, we analyze diagonal linear networks under the
parametrization = (u,v) and B3(x) = u? — v2. We show that, at sufficiently small but finite

stepsizes, the stochastic dynamics satisfy strong stability properties.

1.6.1 High-probability Exponential Decay

When the stepsize is below a fixed threshold, the homogenized SDE remains well behaved

and the risk decays exponentially fast.

High-probability exponential decay (informal). For sufficiently small learning rates,

there exist constants C, u > 0 such that, with high probability,

R(X;) < Ce M for all ¢t > 0.

In particular, the stochastic dynamics remain stable and non-explosive over time.

By the concentration results established earlier, the same exponential decay behavior
holds for the discrete SGD iterates. Thus, in this regime, SGD converges to zero risk at an
exponential rate with high probability.

This result shows that, despite the presence of stochastic noise, the learning dynamics are
self-stabilizing: the same mechanism that drives the risk to zero also controls the fluctuations

and confines the trajectory to a stable region of parameter space.
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Concluding Remarks

Beyond convergence guarantees, the framework developed in this dissertation also enables the
analysis of finer properties of the learning dynamics, including curvature-related quantities
and transient phenomena such as progressive sharpening.

Overall, this dissertation develops a unified high-dimensional framework for stochastic
optimization at finite stepsizes. By combining concentration methods with continuous-
time approximations, the theory provides deterministic descriptions for SGD and adaptive
methods beyond the classical small-stepsize regime, and characterizes how covariance structure,

adaptive learning rates, and spectral properties shape the resulting dynamics.
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Chapter 2

HIGH-DIMENSIONAL LIMIT OF SGD
FOR ADAPTIVE STEPSIZE ALGORITHMS

Joint work with Elizabeth Collins-Woodfin, Inbar Seroussi, Andrew Mackenzie, Elliot

Paquette, and Courtney Paquette [20]

Abstract. We develop a framework for analyzing the training and stepsize dynamics on a
large class of high-dimensional optimization problems, which we call the high line, trained
using one-pass stochastic gradient descent (SGD) with adaptive stepsizes. We give exact
expressions for the risk and stepsize curves in terms of a deterministic solution to a system of
ODEs. We then investigate in detail two adaptive stepsizes — an idealized exact line search
and AdaGrad-Norm — on the least squares problem. When the data covariance matrix has
strictly positive eigenvalues, this idealized exact line search strategy can exhibit arbitrarily
slower convergence when compared to the optimal fixed stepsize with SGD. Moreover we
exactly characterize the limiting stepsize (as time goes to infinity) for line search in the
setting where the data covariance has only two distinct eigenvalues. For noiseless targets, we
further demonstrate that the AdaGrad-Norm stepsize converges to a deterministic constant
inversely proportional to the average eigenvalue of the data covariance matrix, and identify a
phase transition when the covariance density of eigenvalues follows a power law distribution.

We provide our code for evaluation at https://github.com/amackenziel /highline2024.
2.1 Introduction

In deterministic optimization, adaptive stepsize strategies, such as line search (see [67],
therein), AdaGrad-Norm [92], Polyak stepsize |76], and others were developed to provide
stability and improve efficiency and adaptivity to unknown parameters. While the prac-
tical benefits for deterministic optimization problems are well-documented, much of our

understanding of adaptive learning rate strategies for stochastic algorithms are still in their
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infancy.

There are many adaptive learning rate strategies used in machine learning with many
design goals. Some are known to adapt to stochastic gradient descent (SGD) gradient noise
while others are robust to hyper-parameters (e.g., [8, 98|). Theoretical results for adaptive
algorithms tend to focus on guaranteeing minimax-optimal rates, but this theory is not
engineered to provide realistic performance comparisons; indeed many adaptive algorithms
are minimax-optimal, and so more precise statements are needed to distinguish them. For
instance, the exact learning rates (or rate schedules) to which these strategies converge are
unknown, nor their dependence on the geometry of the problem. Moreover, we often do
not know how these adaptive stepsizes compare with well-tuned constant or decaying fixed
learning rate SGD, which can be viewed as a cost associated with selecting the adaptive
strategy in comparison to tuning by hand.

In this work, we develop a framework for analyzing the exact dynamics of the risk and
adaptive learning rate strategies for a wide class of optimization problems that we call high-
dimensional linear (high line) composite functions. In this class, the objective function takes
the form of an expected risk R : R — R over high-dimensional data (a,e) ~ D C R? x R
of a function f : R® — R composed with the linear functions (X, a), (X*,a). That is, we
seek to solve

. def * *
min {R(X) Y B [f({a, X), (a, X*),€)] for (a,e) ~ D, X* € Rd}. (2.1)

We suppose a ~ N(0, K) where K € R?*? is the covariance matrix. We train (2.1) using
(one-pass) stochastic gradient descent with adaptive learning rates, gx (SGD+AL). Our main
goal is to give a framework for better! performance analysis of these adaptive methods. We
then illustrate this framework by considering two adaptive learning rate algorithms on the
least squares problem?, the results of which appear in Table 2.1: exact line-search (idealistic)
(Sec. 2.3) and AdaGrad-Norm (Sec. 2.4). We expect other losses and adaptive learning rates

can be studied using this approach.

More realistic, in that it deals with high-dimensional anisotropic loss geometries and more precise, in
that it can distinguish minimax optimal algorithms as more-or-less performant.

2We extend some results to the general strongly convex setting.
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Figure 2.1: Concentration of learning rate and risk for AdaGrad-Norm on least
squares with label noise w = 1 (left) and logistic regression with no noise (right). As
dimension increases, both risk and learning rate concentrate around a deterministic limit
(red) described by our ODE in Theorem 2.2.1. The initial risk increase (left) suggests the
learning rate started too high, but AdaGrad-Norm adapts. Our ODEs predict this behavior.

See Sec. A.8 for simulation details.

Main contributions. Performance analysis framework. We provide an equivalence of
R(X)) and learning rate g, under SGD+AL to deterministic functions Z(t) and y; via
solving a deterministic system of ODEs (see Section 2.2), which we then analyze to show
how the covariance spectrum influences the optimization. See Figure 2.1. As the dimension
d of the problem grows, the learning curves of R(X}) become closer to Z(t) and the curves
concentrate around Z(t) with probability better than any inverse power of d (See Theorem

2.2.1).

Greed can be arbitrarily bad in the presence of strong anisotropy (that is, Tr(K)/d <
Tr(K?)/d). Our analysis reveals that exact line search, which is to say optimally decreasing
the risk at each step, can run arbitrarily slower than the best fixed learning rate for SGD
on a least squares problem when Apnin def Amin(K) > C > 0. The best fixed stepsize (least
squares problem) is (Tr(K)/d)~! or the inverse of the average eigenvalue, see Polyak stepsize
[76]. Line search, on the other hand, converges to a fixed stepsize of order Amin/(Tr(K?)/d).
It can be that Amin/(Tr(K?)/d) < (Tr(K)/d)~! making exact line search substantially

underperform Polyak stepsize. We further explore this and, in the case where d-eigenvalues



17

of K take only two values A\; > Ay > 0, we give an exact expression as a function of A; and
A2 for the limiting behavior of v as t — oo (See Fig. A.1).

AdaGrad-Norm selects the optimal step-size, provided it has a warm start. In the absence
of label noise and when the smallest eigenvalue of K satisfies Ay > C > 0, the learning rate
converges to a deterministic constant that depends on the average condition number (like in

ﬂEIK) | Xo — X*||2. Therefore it attains automatically the

Polyak) and scales inversely with
optimal fixed stepsize in terms of the covariance without knowledge of Tr(K), but pays a
penalty in the constant, namely || Xo — X*||?. If one knew || Xy — X*||? then by tuning the
parameters of AdaGrad-Norm one might achieve performance consistent with Polyak; this
also motivates more sophisticated adaptive algorithms such as DoG [43] and D-Adaptation
[26], which adaptively compensate and/or estimate || Xo — X*||2.

AdaGrad-Norm can use overly pessimistic decaying schedules on hard problems. Consider
power law behavior for the spectrum of K and the signal X*. This is a natural setting as
power law distributions have been observed in many datasets [93]. Here the learning rate
and asymptotic convergence of K undergo a phase transition. For power laws corresponding
to easier optimization problems, the learning rate goes to a constant and the risk decays
at t—*. For harder problems, the learning rate decays like t~ and the risk decays at a
different sublinear rate t~“2. See Table 2.1 and Sec. 2.4 for details.

Notation. Define Ry = [0,00). We say an event holds with overwhelming probability,
w.o.p., if there is a function w : N — R with w(d)/logd — oo so that the event holds with
probability at least 1 — e=“(9). We let 14(z) be the indicator function of the set A where it
is 1 if z € A and 0 otherwise. For a matrix A € R™*? we use || A|| to denote the Frobenius
norm and ||A||op to denote the operator-2 norm. If unspecified, we assume that the norm is
the Frobenius norm. For normed vector spaces A, B with norms || -||.4 and || - || 5, respectively,

and for a > 0, we say a function F' : A — B is a-pseudo-Lipschitz with constant L if for

any A, A € A, we have
IF(A) = F(A)|5 < LI A= Al a1+ [|A]I% + A1 %)-

We write f(t) < g(t) if there exist absolute constants C, ¢ > 0 such that c-g(t) < f(t) < C-g(t)

for all ¢. If the constants depend on parameters, e.g., «, then we write =,.
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Table 2.1: Summary of adaptive learning rates results on the least squares problem.
We summarize our results for line search and AdaGrad-Norm under various assumptions
on the covariance matrix K. We denote Apnin the smallest non-zero eigenvalue of K and

Tr(K)

—~ the average eigenvalue. Power law(d, 5) assumes the eigenvalues of K, {1

¢_,, follow

a power law distribution, that is, for 0 < § < 1, \; ~ (1 — B))\_Bl(m) forall1 <:<d
and (Xg — X*,w;)? ~ A\7° where {w;}%_, are eigenvectors of K (see Prop 2.4.4). For * (sce

Prop. 2.4.2), requires a good initialization on b, 7.

Learning rate K assumption Limiting 7. Convergence rate
AdaGrad-Norm(b, ) )
(see Sec. 2.4) Amin > € "= L4 () [ Xo—X* |12 log(#)" = —AminYoot
- . . B+5—2
AdaGrad-Norm(b, n) prio<l =551 A(t) <55 t
Power law - 1 -1
B + =1 ’Yt /\576 log(t+1) %(t) =s,8 (10g(§+1))
(see Sec. 2.4)
N DI 2
1<pf+46<2 Vi =58t B+é R(t) <spt BFS
Exact line search,
idealized >\min > C Y& X Tr()\}?iQ‘S/d log(%) = _)\min'}/oot
(see Sec. 2.3)
Polyak stepsize L
Amin > C Yt = Tr(K)/d 102;(?2) = 7Amin'yoot

(see Sec. 2.3)

Related work. Some notable adaptive learning rates in the literature are AdaGrad-Norm
[52, 92, 96|, RMSprop [41], stochastic line search, stochastic Polyak stepsize [57], and more
recently DoG [43] and D-Adaptation [26]. In this work, we introduce a framework for
analyzing these algorithms, and we strongly believe it can be used to analyze many more of

these adaptive algorithms. We highlight below a nonexhaustive list of related work.

AdaGrad-Norm. AdaGrad, introduced by [28, 61|, updates the learning rate at each
iteration using the stochastic gradient information. The single stepsize version [52, 92, 96|,
that depends on the norm of the gradient, (see Table 2.2 for the updates), has been shown

to be robust to input parameters [55]. Several works have shown worst-case convergence
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guarantees [32, 53, 89, 92|. A linear rate of O(exp(—~T")) is possible for p-strongly convex,
L-smooth functions (x is the condition number p/L). In [97] (similar idea in [96]), the
authors show for strongly convex, smooth stochastic objectives (with additional assumptions)
that the AdaGrad-Norm learning rate exhibits a two stage behavior — a burn in phase and

then when it reaches the smoothness constant it self-stablizes.

Stochastic line search and Polyak stepsizes. Recently there has been renewed
interest in studying stochastic line search [29, 70, 85] and stochastic Polyak stepsize (and
their variants) [12, 37, 39, 45, 57, 66, 68, 77]. Much of this research focuses on worst-case
convergence guarantees for strongly convex and smooth functions (see e.g., [57]) and designing
practical algorithms. In [84], the authors provide a bound on the learning rate for Armijo line
search in the finite sum setting with a rate of Lyax/avg. p where avg. p is the avg. strong
convexity and Lpyay is the max. Lipschitz constant of the individual functions. In this work,
we consider a slightly different problem. We work with the population loss and we note that
the analogue to Lyax for us would require that the samples a satisfy HaaTHOp < Lyax for all

a; this fails to hold for a ~ N(0, K). Moreover, Lyax could be much worse than E[||aa ||op].

Deterministic dynamics of stochastic algorithms in high-dimensions. The
literature on deterministic dynamics for isotropic Gaussian data has a long history [14, 15,
78, 79]. These results have been rigorously proven and extended to other models under the
isotropic Gaussian assumption [3, 4, 6, 24, 25, 34, 35, 91]. Extensions to multi-pass SGD
with small mini-batches 73| as well as momentum [51] have also been studied. Other high-
dimensional limits leading to a different class of dynamics also exist [16-18, 33, 62]. Recently,
significant contributions have been made in understanding the effects of a non-identity
data covariance matrix on the training dynamics [10, 20, 21, 35, 36, 100|. The non-identity
covariance modifies the optimization landscape and affects convergence properties, as discussed
in [21]. This work extends the findings of [21] to stochastic adaptive algorithms, exploring the
effect of non-identity covariance within these algorithms. Notably, Theorem 1.1 from [21] is
restricted to deterministic learning rate schedules, limiting its applicability in many practical
scenarios. In contrast, our Theorem 2.2.1 accommodates stochastic adaptive learning rates,

aligning with widely used algorithms in practice.
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2.1.1 Model Set-up

We suppose that a sequence of independent samples {(ag, yx)} drawn from a distribution
D C R% x R is provided where y, is the target. The target y; is a function of some random
label noise ¢, € R and the input feature a; dotted with a ground truth signal X* € R,
(ag, X*). Therefore, the distribution of the data is only determined by the input feature
and the noise, i.e., the pair (a,€). In particular, we assume (a,¢€) follows a distributional

assumption.

Assumption 2.1.1 (Data and label noise). The samples (a,€) ~ D are normally distributed:
€ ~ N(0,w?) where w € R, and a ~ N(0,K), with a covariance matriv K € R that is
bounded in operator norm independent of d; i.e., |[K|lop < C. Furthermore, a and € are

independent.

For a, X, X* € R% ¢ € R, and a function f : R?® — R, we seek to minimize an expected
risk function R : R? — R, which we refer to as the high-dimensional linear composite?, of

the form
R(X) = Eo[¥(X;a,¢)] for (a,e) ~D, and ¥(X;a, €)= f({a,X),(a,X"),€). (2.2)

In what follows, we use the matrix W = [X|X*] € R?*? that concatenates X and X*,
and we shall let B = B(W) = WTKW be the covariance matrix of the Gaussian vector
({a, X), (a, X*)).

Assumption 2.1.2 (Pseudo-lipschitz f). The function f : R® — R is a-pseudo-Lipschitz

with o < 1.

By assumption, R(X) involves an expectation over the correlated Gaussians (a, X') and

(a, X*). We can express this as R(X) & h(B) for some well-behaved function h : R?*? — R.

Assumption 2.1.3 (Risk representation). There exists a function h : R?*? — R such that

h(B) = R(X) is differentiable and satisfies

VxR(X)=E..Vx¥(X;a,e).

3Note that d need not be large to define this, but the structure allows us to consider d as a tunable
parameter. Moreover, as we increase d, the analysis we do will be more meaningful.
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Table 2.2: Two adaptive learning rates considered in detail. The stochastic
adaptive learning rate, g, is the learning rate directly used in the update for SGD

whereas the deterministic, 7, is the deterministic equivalent of g after scaling.

Algorithm General update Least squares

AdaGrad- bi = by + [V (Xe-1)|%;

9k same
Norm(b, 1) gk-1 =d X g
bo=bxd ) n

t

" Vo2 K it ((s)) ds \/b2+2Trd(K) JE 7 (s) ds

Pactline IVR(Xk)|2 IVR(Xk)]>
2 2
search DO RN g, (57 (0, X)X "),0)2] 2 RIXR)

(idealized)

LN Z2()

Yt arg min d%(t) m
Y

Furthermore, h is continuously differentiable and its derivative Vh is a-pseudo-Lipschitz for

some 0 < a < 1, with constant L(Vh).

The final assumption is the well-behavior of the Fisher information matrix of the gradients.
The first coordinate of f is special, as the optimizer must be able to differentiate it. Thus, we
treat f(z,z*, €) as a function of a single variable with two parameters: f(x,z*,€) = f(x;x*,€)

and denote the (almost everywhere) derivative with respect to the first variable as f’.

Assumption 2.1.4 (Fisher matrix). Define I(B) d:ewa[(f’((a,X); {a, X*),€))?] where the
function I : R?*2 — R. Furthermore, I is a-pseudo-Lipschitz with constant L(I) for some

a<l.

A large class of natural regression problems fit within this framework, such as logistic
regression and least squares (see [21, Appendix B|). We also note that Assumptions 2.1.3
and 2.1.4 are nearly satisfied for L-smooth objectives f (see Lemma A.2.1), and a version of

the main theorem holds under just this assumption (albeit with a weaker conclusion).
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2.1.2  Algorithmic set-up

We apply one-pass or streaming SGD with an adaptive learning rate g (SGD+AL) to solve
min yepa R(X), (2.2). Let Xo € R? be an initial vector (random or non-random). Then
SGD-+AL iterates by selecting a new data point (ag41,€x+1) such that agrq ~ N (0, K) and

err1 ~ N(0,w?) and makes the update

Ik

X1 = Xk_g

Vx V(X Qg1 €pg1) = Xk—%f’((ak+1,Xk>; (apg1, X7), €pq1)ang1, (2.3)

where gj > 0 is a learning rate (see assumptions below)*. To perform our analysis, we place

the following assumption on the initialization Xy and signal X™*.

Assumption 2.1.5 (Initialization and signal). The initialization point Xy and the signal X*

are bounded independent of d, that is, max{|| Xol|, || X*||} < C for some C independent of d.

Adaptive learning rate. Our analysis requires some mild assumptions on the learning rate.
To this end, we define a learning rate function v : R4 x D([0,00)) x D([0,00)) x D([0, 00)) —
R+ by5

ok def Y(ky Ni(d x -),Gip(d x ), Qk(d x +)), for k € N, where for any ¢ > 0,

ot (2.4)
(N (8), G (0), Qu()) 2 1y (W Wo, HIV xR (X5, 05) 2 ROXL) ).

In this definition, for functions taking integer arguments, we extend them to real-valued
inputs by first taking the floor function of its argument. Note that the adaptive learning
rates can depend on the whole history of stochastic iterates (Ny), gradients (Gy), and risk
(Qg) via this definition.

We also define a conditional expectation version of Gy where the filtration F, =

O'(X*,Xo, ce ,Xk):

1
9(t) = Liany () GBIV x W (Xes aren, ) || 7] for £ 0.

With this, we impose the following learning rate condition.

4Note that cases where %}(2) = o(d) can lead to dynamics that converge to full-batch gradient flow. While

our theorem specifically addresses the scenario where the intrinsic dimension, Dim(K) def Tr(K) /|| K|op,
satisfies Dim(K) = ©(d), other cases, such as Dim(K) = o(d), may require different learning rate scalings.

5D(]0,00)) is the cadlag function class on [0, c0).
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Assumption 2.1.6 (Learning rate). The learning rate function v : Ry x D([0,00)) X
D(]0,00)) x D([0,00)) = R is a-pseudo-Lipschitz with constant L(7y) (independent of d) in
D([0,00)) x D([0,00)) x D([0,00)). Moreover, for some constant C = C(7y) > 0 independent
of d and § > 0,

E[[y(k, f,Gr(d x-),q) = (k. f, (d ), @)| | Fi] < Cd™°(L+ | 1% + llallS)  w-0.p. (2.5)

Finally, v is bounded, i.e., there exists a constant C= C’(’y) > 0 independent of d so that

vk, £,9,0) < L+ 1F11% + llallS + NlgllS)- (2.6)

The inequality (2.5) ensures that the learning rate concentrates around the mean behavior
of the stochastic gradients. Many well-known adaptive stepsizes satisfy (2.4) and Assump-
tion 2.1.6 including AdaGrad-Norm, DoG, D-Adaptation, and RMSProp (see Table 2.2,
Sec. A.1, and Sec. A.3.3).

2.2 Deterministic dynamics for SGD with adaptive learning rates

Intuition for deriving dynamics: The risk R(X) and Fisher matrix can be evaluated
solely in terms of the covariance matrix B. Thus, to know the evolution of the risk over time,
it would suffice to know the evolution of B. Alas, except in the isotropic case where K is a
multiple of the identity, the evolution of B is not autonomous (i.e., its time evolution depends
on other unknown variables). However, if we let (\;,w;) be the eigenvalues and corresponding
orthonormal eigenvectors of K, we can consider projections V;(Xy) = d - WkT wiwiT Wy, and it

turns out that these behave autonomously.

Example: Least Squares. One canonical example of (2.2) is least squares, where we aim
to recover the target X* given noisy observations (a, X*) + €. In this case, the least squares
problem is

min {R(X) =

min Eoc[({a, X — X*) =€)} = 20? + (X - X"TK(X - X*)}. (2.7)

1 -1
2 2

The pair of functions h (Assumption 2.1.3) and I (Assumption 2.1.4) can be evaluated simply:

MBW)) = 11(B(W)) = L(X — X*)TK(X — X*) + Lo
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The deterministic dynamics for the risk Z(t) in this case can be simplified to:
%( ) _ %(XO _ X*)TKS 2Kf0 Vs dS(X X*) + 1w2 + df() '75 Tr K2 72Kf ’yfdr)%( ) ds.

This is a convolution Volterra equation with a convergence threshold of v < 7% [20 69, 72,
73].

In the noiseless label case (i.e., € = 0), the risk is given by 2(t) = 54 Zle \i2%(t). Using
the ODEs in (2.9), we get the following deterministic equivalent ODE for the _@i?’s:

LD = =29\ DR () + 2P N (t). (2.8)

We will perform a deep analysis of the dynamics of the learning rate on least squares (2.7),

which will generalize to settings where the outer function f is strongly convex (see A.4.1).

Deterministic dynamics. To derive deterministic dynamics, we make the following change

to continuous time by setting
k iterations of SGD = |td|, where ¢t € R is the continuous time parameter.

This time change is necessary, as when we scale the size of the problem, more time is needed
to solve the underlying problem. This scaling law scales SGD so all training dynamics live
on the same space. One can solve a smaller d problem and scale it to recover the training
dynamics of the larger problem.%

We now introduce a coupled system of differential equations, which will allow us to model
the behaviour of our learning algorithms. For the ith (\;,w;)-eigenvalue/eigenvector of K,

set

def | M11a(t) P2.4(2) ) e

Yi(t) = and averaging over i, AB(t

N2,i(t)  Ya2.4(t)

Q.\)—‘

5Note that, holding time fixed, we perform O(d) gradient updates for a problem of dimension d. For the

problems considered here, this scaling leads to consistent dynamics, but there do exist related problems
where a different scaling is more appropriate. For example, under random initialization, to capture the
escape of phase retrieval from the high-dimensional saddle, O(dlog d) iterations are needed; see for example
[87].
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The ¥;(t) and A(t) are deterministic continuous analogues of V;(X;4) and B(X¢q) respectively.
Define the following continuous analogues
def | H1e Hoy

d
Vh(B(@t)E | T ) & Z ) E h(B(t)., I(t) EI(B()),
Hy; Hj; i=1

Q. \

and finally 'yt = ’y(t Li<gy A (- ), T

() L<yZ(-))-

We now introduce a system of coupled ODEs for each (\;, w;)-eigenvalue/eigenvector pair of

K

d741:(t) = 2Ny (Fa1i () Hig + Hy g 14(t) + P2,i(t) Hay + Hoy P19.4(1)) + ANiyi F (1),

d72,i(t) = —2Xive (H1,47%12,i(t) + Ha 1 ¥22.4(t))
(2.9)

with the initialization of %;(0) given by V;(Xp). We finally state the deterministic dynamics

for the risk and learning rate.

Theorem 2.2.1. Under Assumptions 2.1.1, 2.1.2, 2.1.8, 2.1.4, 2.1.5, 2.1.6, then for any
e€(0,1) and any T > 0

R(Xpap)| [ 2(0)

sup H H <d~ %, w.o.p. (2.10)

0=tsT 9td] Vt

The same statements hold comparing WEWiq to A (t) and WLKW,g to B(t).

In fact, we can derive deterministic dynamics for a large class of statistics which are linear
combinations of ¥/(t) and functions thereof (See Theorem A.2.4, and Corollary A.2.5).

One important corollary is a deterministic limit for the distance to optimality, D?(X}) =
| Xx — X*||?, which is a quadratic form of W;I' W} and hence covered by Thm. 2.2.1. The

equivalent deterministic dynamics are

&M—‘
&M—‘

d
Z T1,i(t) = 272,i(t) + V22,i(t)), (2.11)

where 22(t) corresponds D?(X},) 4 x (X — X, w))?.
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Figure 2.2: Comparison for Exact Line Search and Polyak Stepsize on a noiseless

least squares problem. The left plot illustrates the convergence of the risk function, while

the right plot depicts the convergence of the quotient ;/ M

Te(i?) for Polyak stepsize and

exact line search. Both plots highlight the implication of equatlon (2.13) in high-dimensional

settings, where a broader spectrum of K results in ’1\’"1“(K) < 1 % indicating slower risk

Tr(K?2) G (K
convergence and poorer performance of exact line search (unmarked) as it deviates from the

Polyak stepsize (circle markers) . The gray shaded region demonstrates that equation (2.13)

is satisfied. See Appendix A.8 for simulation details.

2.3 |Idealized Exact Line Search and Polyak Stepsize

In this section, we consider two classical idealized algorithms — ezact line search and Polyak
stepsize. In deterministic optimization, these learning rate strategies are chosen so that
the function value (exact line search) or distance to optimality (Polyak) produces the
largest decrease in function value (resp. distance to optimality) at the next iteration. For
stochastic algorithms, we can ask this to hold for the deterministic equivalent to the risk Z(t)
(resp. distance to optimality, Z(t)) since we know that SGD is close to these deterministic
equivalents. Thus, the question is: what choice of learning rate decreases the Z(t) (exact
line search) and/or Z(t) (Polyak stepsize)? We will restrict to least squares in this section —
see Appendix A.6.1 and A.6.2 for general functions as well as proofs for least squares. These
are idealized algorithms because we can not implement them as they require distributional

knowledge of a or X*. Despite this, they provide a basis for more practical algorithms.
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Polyak Stepsize. A natural threshold to consider is the largest learning rate such that
dZ(t) < 0, which we denote by ”y,? . Using the least squares ODE (2.8), this is precisely

D_ QRO g g2 CROW - 212
Vi EiK)%’(t) gk %R(Xk) ( )

Without label noise, (2.12) simplifies to 7P = =g/ = the exact threshold for conver-

T‘r(K )/d’
gence of least squares.
A greedy stepsize strategy would maximize the decrease in the distance to optimality

Polyak

at each iteration, denoted by us as Polyak stepsize, -, € argmin, d7 (). In the case of

least squares, this is

Polyak - _
v oo %’y and g, =15,

The latter yields the optimal fixed learning rate (up to absolute constant factors) for a

noiseless target on a least squares problem [57, 71]).”

Exact Line Search. In the context of risk, wusing (2.8) and noting that
A(t) = 54 Zle N D2(t), we can find 4j"° € argmin dZ(t); i.e., the greedy learning rate that
decreases the risk the most in the next iteration. We call this exact line search. Expressions
for the learning rates are given in Table 2.2, (c.f. Appendix A.6.1 for general losses). Be-
cause these come from ODEs, we can use ODE theory to give exact limiting values for the

deterministic equivalent of ghne.

Proposition 2.3.1. [Limiting learning rate; line search on noiseless least squares| Consider
the noiseless (w = 0) least squares problem (2.7) . Then the learning rate is always lower
bounded by

Amin(K) line
W_’Yt fO'f'alltZO

Moreover, suppose K has only two distinct eigenvalues \y > o > 0, i.e., K has d/2

eigenvalues equal to A1 eigenvalues and d/2 eigenvalues equal to Ay. Then

Amln(K) < 1 hne < mm(K) 21
2 Tr(K?) oo 1t 2 Tr(K?) (2.13)

"The Polyak stepsize we analyze in this paper differs slightly from the "classic" stepsize in the literature,
that is, %m Rather than using this form, we skip an approximation step in the derivation
[39] and use the éxactly optimal form. Both variations of the Polyak stepsize can be analyzed under our
assumptions; the choice was admittedly somewhat arbitrary. (Note that in the case of least squares, the

two stepsizes coincide.)
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(Noisy) Least Squares AdaGrad, w=1.0, b = 1.0, = 2.5, d = 500
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Figure 2.3: Quantities effecting AdaGrad-Norm learning rate. (left): Effect of noise

learning rate

asymptotic so 1t

(w = 1.0) on risk (left axis) and learning rate (right axis). Depicted is
approaches 1. (Center, right): Noiseless least squares (w = 0). As predicted in Prop. 2.4.2,
lim; o v depends on avg. eig. of K (Tr(K)/d) and || Xo — X*||? but not £ = Amax/Amin-

See Appendix A.8 for simulation details.

For a proof and explicit formula for lim; ., 7", see Section A.6.2. Hence, being greedy

for the risk in a sufficiently anisotropic setting will badly underperform Polyak stepsize (see

Fig. 2.2).
2.4 AdaGrad-Norm analysis

In this section, we analyze the behavior of AdaGrad-Norm learning rate in the least squares
setting (see Sec. A.4 for general strongly convex functions). In the presence of additive noise,

1/2 regardless of the data covariance K. In

the AdaGrad-Norm learning rate decays like ¢~
contrast, the model with no noise exhibits a learning rate that depends on the spectrum
of K, as illustrated in Figure 2.3. The learning rate is bounded below by a constant when
Amin (K) > 0 is fixed as d — 0o, and we quantify this lower bound. If the limiting spectral
measure of K has unbounded density near 0 (e.g. power law spectrum), then the learning
rate can approach zero and we quantify the rate of this convergence in the least squares
setting as a function of spectral parameters.

For least squares with additive noise, the learning rate asymptotic

v < n/(b* + u’%Tr(K)t)(l/Q) is the fastest decay that AdaGrad-Norm can exhibit. In

contrast, the propositions below concern the noiseless case where, for various covariance
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examples, the decay rate of 44 changes. This is tightly connected to whether the risk is
integrable or not. In the simple case of identity covariance, we obtain a closed formula for

the trajectory of the integral of the risk and therefore also the learning rate.

Proposition 2.4.1. In the case of identity covariance (K = Ig), the risk solves the differential
equation

dopp) — 172{/2'(15) _ 2nZ%(t) 2.14
aZ(t) b2+2 [ %(s) ds \/b2+2f0t H(s)ds’ | )

The solution fg Z(s)ds approaches (from below) a positive constant which yields a
computable lower bound to which ~; will converge. Generalizing this to a broader class of
covariance matrices, we get the next proposition, which captures the dependence of 4 on

Tr(K).

Proposition 2.4.2. Suppose 3 Tr(K) < b/n, and that [;° %(s)vsds < co with s as in

i < —1
Table 2.2 (AdaGrad-Norm for least squares), then 7y %+£ TR

4d
An analog of Proposition 2.4.2 for the strongly convex setting appears in Sec. A.4 (see
Prop. A.4.4). We now consider two cases in which, as d — oo, there are eigenvalues of K

arbitrarily close to 0.

Proposition 2.4.3. Assume that, for some C > 0, the number of eigenvalues of K below C
is o(d), and that (X*,w;) = O(d=/?) for alli, (i.e. X* is not concentrated in any eigenvector
direction). Then, with the initialization Xo = 0, there exists some 5 > 0 such that v > 7 for
allt > 0.

Proposition 2.4.4. Let K have a spectrum that converges as d — oo to the power law
measure p(A) = (1 — 5)>\_ﬁ1(0,1); for some B < 18, and suppose that 2?(0) ~ )\i_‘s for § > 0.
Then:

o For 1> [+, there exists 7 such that v, > 7, and Z(t) <3 tBH90=2 for all t > 1.

80ur result can be compared to existing findings for SGD under power-law distributions in [13, 82, 86].
While these works explore similar assumptions regarding the covariance matrix spectrum, they do not
address the high-dimensional regime with diverging Tr(K), focusing primarily on 8 > 1.
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Figure 2.4: Power law covariance in AdaGrad Norm on a least squares problem. Ran
exact predictions (ODE) for the risk and learning rate (solid lines). Dashed lines give the
predictions from Prop. 2.4.4 which match experimental results exactly. Phase transition as
d + B varies. When § + 8 < 1 (green), the learning rate (right) is constant as t — co. In
contrast, when 2 > 6 + 3 > 1 (purple), the learning rate decreases at a rate t~'+1/(+9) with
d + B =1 (white) where the change occurs. Same phase transition occurs in the sublinear

rate of the risk decay (left) (see Prop. 2.4.4).

1

145 2
e For1<f+0<2 v =58t55 P and A(t) <spt F+  for all t > 1.

o For1=0+96, v =sp m, and Z(t) < (m)_1 for all, t > 1.

This proposition shows non-trivial decay of the learning rate is dictated by the residuals
(distance to optimality at initialization) and the spectrum of K. We note that 6 = 0
corresponds to uniform contribution of each mode (e.g. Xy normally distributed). As the
eigenmodes of the residuals become more localized, the decay of the learning rate is closer
to the behaviour in the presence of additive noise. Furthermore, the scaling behaviour of
the loss is affected by the structure of the AdaGrad-Norm algorithm (see Fig. 2.4). Lastly,

constant stepsize SGD yields Z(t) = t#19=2 with no transition occurring at 8 + 6 = 1.

Proofs of the above propositions, in a slightly more general setting, are deferred to

Sec. A.4.



31

2.5 Conclusions and Limitations

This work studies stochastic adaptive optimization algorithms when data size and parameter
size are large, allowing for nonconvex and nonlinear risk functions, as well as data with
general covariance structure. The theory shows a concentration of the risk, the learning rate
and other key functions to a deterministic limit, which is described by a set of ODEs. The
theory is then used to derive the asymptotic behavior of the AdaGrad-Norm and idealized
exact line search on strongly convex and least square problems, revealing the influence of the
covariance matrix structure on the optimization. A potential extension of this work would
be to study other adaptive algorithms such as D-adaptation, DOG, and RMSprop which are
covered by the theory. Studying the asymptotic behavior of the risk and the learning rate
may improve our understanding of the performance and scalability of these algorithms on
more realistic data. Another important application of the theory would be to analyze the
ODEs presented here on nonconvex problems.

The current form of the theory is limited to Gaussian data, though many parts of the
proof can be extended easily beyond Gaussian data. The main ODE comparison theorem is
also only tuned for analyzing problem setups where the trace of the covariance is on the order
of the ambient dimension; when the trace of the covariance is much smaller than ambient
dimension, other stepsize scalings of SGD are needed. In addition, the analysis is limited
to the streaming stochastic adaptive methods. We conjecture that a similar deterministic
equivalent holds also for multi-pass algorithms at least for convex problems. This has already
been shown in the least square problem for SGD with a fixed deterministic learning rate
[71, 74]. Lastly, numerical simulations on real datasets (e.g., CIFAR-5m) suggests that the
predicted risk derived by our theory matches the empirical risk of multipass SGD beyond

Gaussian data (see for example Figure A.2).
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Chapter 3

HIGH-DIMENSIONAL LIMIT OF SGD
FOR DIAGONAL LINEAR NETWORKS

Joint work with Courtney Paquette, Maryam Fazel, and Dmitriy Drusvyatskiy [59]

Abstract. Understanding the behavior of stochastic gradient methods is a central problem
in modern machine learning. Recent work has highlighted diagonal linear networks as a
simplified yet expressive setting for analyzing the optimization and generalization properties
of neural models. In this work, we show that in the high-dimensional regime, stochastic
gradient descent on diagonal linear networks is well-approximated by continuous dynamics
governed by a stochastic differential equation (SDE), which explicitly decouples the drift
from the gradient noise. We further derive a deterministic partial differential equation whose
solution propagates the relevant state of the iterates and characterizes the time evolution
of a broad class of observable statistics, including the risk, curvature, and other metrics for
optimality. Finally, we show that, under a suitable parametrization, the stochastic dynamics
are globally well posed and converge exponentially fast to zero risk with high probability,
yielding a fully explicit non-asymptotic description of their long-time behavior. Numerical

simulations corroborate our theoretical findings.
3.1 Introduction

Diagonal linear networks serve as an appealing and analytically tractable model for investi-
gating various phenomena that are observed in deep learning. For example, diagonal linear
networks display intriguing forms of implicit bias, whereby stochastic optimization algorithms
tend to favor low-complexity solutions even in the absence of explicit regularization [2, 31, 75].
Nonetheless, analyzing SGD for diagonal linear networks is still challenging. In particular,
classical analyses of SGD are frequently too coarse, relying on worst-case guarantees that

hold only for very small stepsizes. In practice, however, the phenomena of interest emerge
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only when using relatively large stepsizes. The central difficulty stems from the intrinsic
randomness of SGD: the data used at each iteration are random, and the update rule itself is
randomized through the sampling of indices that determine the stochastic gradient. This
motivates the development of sharper analytical frameworks for SGD—ones that capture
the evolution of key quantities such as risk and curvature, while remaining mathematically
tractable.

One approach is to study gradient flow or diffusion-based approximations |75, 88]. Gradient
flow emerges in the limit of a vanishing stepsize, while diffusion-based approximations
incorporate stochasticity through an added noise term. Importantly, these methods can often
only be rigorously justified as accurate approximations of SGD when the stepsize is extremely
small (7 — 0)—a regime that is largely unrealistic in practice.

Indeed, SGD for modern applications is typically run with relatively large stepsizes and
in high-dimensional settings, where neither the stepsize nor the stochasticity can be treated
as infinitesimal. The perspective adopted in this paper is to instead exploit high dimension-
ality—namely, the large number of parameters—as the primary simplifying mechanism. In
the high-dimensional limit, concentration phenomena emerge, yielding exact, deterministic
expressions for the risk (and other quantities of interest) at every iteration, even when the
stepsize is large.

Specifically, in this work, we derive a continuous-time stochastic differential equation
(SDE) that tracks discrete-time SGD in this high-dimensional, large stepsize regime for
diagonal linear networks. Using this SDE as a foundation, we obtain a deterministic PDE
that propagates the relevant state of the iterates and thereby predicts the time evolution of
a broad class of key observable statistics. To the best of our knowledge, our result provides
the first deterministic description of the discrete-time SGD trajectory in high dimensions
with fized, non-vanishing stepsizes for diagonal linear networks, placing them among the
first nonlinearly parametrized models admitting such a description beyond gradient-flow or
stochastic-gradient-flow limits.

This effectively allows for the analysis of SGD without running it (See Figure 3.1): solving
the deterministic evolution provides learning curves without the need for expensive Monte

Carlo simulations across mini-batch realizations. While the PDE offers theoretical insight,
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Figure 3.1: Three views of empirical risk dynamics for SGD on a diagonal linear
network. Left: Covariance K = Ij. As d increases, the risk trajectory of SGD concentrates
around a deterministic limit (red) described in Theorem 3.3.7. Middle: Power-law covariance
spectrum. The homogenized SGD (transparent) from Theorem 3.3.7 closely tracks SGD
(opaque) over a range of power-law exponents (3 in dimension d = 103. Right: Covariance
K = I; in dimension d = 103. Varying the stepsize 7 reveals distinct convergence/divergence
regimes; the homogenized prediction remains accurate even for stepsizes above the convergence
threshold. Left and right panels use the parametrization (B.5.4), whereas the middle one

uses the parametrization (B.5.3). See Appendix B.6 for simulation details.

the SDE remains a powerful practical tool—it is significantly cheaper to simulate, and [t6
calculus provides a direct route to closed evolution equations for many statistics of interest,
which we validate numerically.

Setting the stage, our work targets a general class of problems where the risk exhibits the

form:
T

1 [¥()
R(x)=E, |f| — a for a ~ N (0, K). (3.1)
Vd | g
Here K € R%? is the covariance of the data, 8* € R? should be thought of as a ground truth

vector, 1(z) maps the features z € R?? into R?, and f is a loss such as mean-square error
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or logistic. The primary example of (3.1) is the mean-squared error of a two-layer diagonal
linear network, given by

a(u@v—ﬁ*,a)Q, (32)

min

1
u,vER? 2d E
where we set © = (u,v) with u,v € R? and u®w is the Hadamard product. Thus, even though
the network is linear in its prediction, the optimization variables enter the risk nonlinearly.
This nonlinear parametrization is precisely what makes the high-dimensional closure problem
substantially more delicate than in linear or generalized linear models. It is standard to check
that (3.2) can be re-parametrized by a difference of squares |64, 75|:
min iEa<u2 —v? — B a)? (3.3)
u,vER? 4d
Diagonal linear networks, in both formulations, have recently garnered attention due to their
ability to recover sparse solutions [38, 47, 75, 83|.
To solve (3.1), we run streaming stochastic gradient descent under a deterministic stepsize
schedule v, that is, at each iteration we generate a fresh sample of data points a1 ~ N (0, K)

and update the iterates according to the rule

Th1 = Tk — Yk Va U (Tk; agy1),

where U(z,a) is the integrand in equation (3.1). To analyze SGD, we introduce a stochastic

differential equation, called the homogenized SGD:

Xy = —~(t) d VR(X,)dt + 4(t) \/Ea {v f (jgw(xt)Ta)Q] V(X)) VK dB,  (34)

where the risk R and inner map 1 are defined in (3.1), the initial conditions are given by
Xo = xg, and d*B; is the differential of a standard Brownian motion in R?. In this work, we
rigorously show that the homogenized SGD behaves like SGD in high dimensions, even with
stepsizes at or above the convergence threshold (see Fig. 3.1).

To enable a comparison between SGD and homogenized SGD, we extend the discrete-time
iterate sequence {zy} to continuous time. The k-th iterate of SGD corresponds to the
continuous time parameter ¢ in homogenized SGD via k = |td|. Thus, when ¢t = 1, SGD has
completed d updates.
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Main Contributions. Our first main result shows that SGD and homogenized SGD are
close in the sense that for a wide class of functions ¢ (statistics) the values ¢(x|;q)) and (X¢)
along the two trajectories are uniformly close. Two particularly informative examples are the
risk R(z) and the scaled Hessian-trace statistic 5 Tr(V2R(z)), a scalar measure of curvature
(often interpreted as a notion of sharpness) along the optimization path. See Figures 3.1

and 3.2 for an illustration.

Theorem 3.1.1 (Informal). Under mild conditions, formalized in Theorem 3.3.7, for any
statistic ¢ satisfying Assumption 3.3.6, any € € (0, %) and any T > 0, there exists a constant
C (independent of d) such that with overwhelming probability' the estimate holds:

sup |(x(1q)) — (X¢)| < Cd™*. (3.5)
0<t<T

Thus, in the high-dimensional regime, SGD is accurately described by the homogenized
SGD dynamics. In particular, the SDE approximation is both accurate and analytically
tractable, providing a practical tool to study the behavior of SGD while allowing fixed
(and potentially large) stepsizes. This contrasts with the classical small stepsize diffusion
approximation, which instead analyzes the regime where the stepsize is infinitesimally small
for any fixed dimension.

Our second main result goes a step further. We show that in high dimensions, the
randomness becomes negligible at the level of ¢. Specifically, the processes ¢(z|4q)) and
©(X¢) concentrate uniformly over ¢ € [0, T around a deterministic function ¢(t) (see Fig. 3.1).
The function ¢(t) is given explicitly in terms of the solution of a deterministic partial
integro-differential equation (see (3.25) and (B.6) for details). In other words, ¢(¢) yields
a deterministic prediction for ¢ for large d, allowing one to analyze these statistic curves

without averaging over SGD noise.

Theorem 3.1.2 (Informal). Under mild conditions, formalized in Theorem 3.3.7, for any

statistic ¢ satisfying Assumption 3.3.6, any € € (0, %) and any T > 0, there exists a constant

'We say an event holds with overwhelming probability (w.o.p.) if there is a function w: N — R with
w(d)/logd — oo so that the event holds with probability at least 1 — e~*(@,
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Figure 3.2: Curvature dynamics for SGD on a diagonal linear network. Left: The
evolution of the curvature measured by the scaled trace of the Hessian é Tr(V?R) is shown
alongside the empirical risk R, illustrating “flat” progress in which the risk increases sharply
accompanied by a marked drop in curvature as we vary the stepsize . Right: As the
dimension d increases, the curvature dynamics of SGD concentrate around a deterministic

limit (shown in red), as proven in Theorem 3.3.7. See Appendix B.6 for simulation details.

C (independent of d) such that with overwhelming probability the estimate holds:

sup (»so(xudp 6] + Lol - ¢><t>|) <od (3.6)

0<t<T

where ¢(t) is a deterministic function defined in (3.25) and (B.6).

Thus the function ¢ provides a tractable, deterministic description of the evolution of a
broad class of statistics p(x) along the SGD trajectory in the high-dimensional regime, even
for large stepsizes. We therefore expect this theorem to be useful for analyzing fine-grained
properties of SGD such as instability, saddle point avoidance/escape, progressive sharpening,
implicit bias, etc.

Lastly, our final result complements this picture by establishing global linear convergence

of the stochastic dynamics themselves.
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Theorem 3.1.3 (Informal). Consider homogenized SGD (3.4) for diagonal linear networks
under the squared parametrization (3.3), initialized at Ug; = Vo; =1 fori=1,...,d. Then
there exists a numerical constant ¢ > 0 such that for any stepsize v € (0, ¢), the risk R(X;)
converges to zero exponentially fast. More precisely, for any § € (0,1), there exist numerical
constants C,pu > 0 such that with probability at least 1 — § we have R(X;) < Ce ™ for all

t>0.

3.1.1 Literature Review

Continuous-time and stochastic-process approximations of SGD. A common ap-
proach to analyzing SGD is to replace the discrete-time iteration by a continuous-time process.
Gradient flow arises in the infinitesimal-stepsize limit, but suppresses both finite-stepsize
effects and stochasticity. Stochastic gradient flow and diffusion-type SDE approximations
incorporate noise and can capture solution-selection phenomena not explained by gradient
flow |75]. Related viewpoints include studying SGD augmented with label noise as a proxy for
isolating stochastic effects during training [88]. These diffusion approximations are typically
justified in small-stepsize limits, often at fixed dimension. In high-dimensional settings,
stochastic-process descriptions can reveal additional regularization mechanisms, including
biases induced by parameter-dependent noise [2] and repulsive interactions in eigenvalue
dynamics that promote rank deficiency [81]|. Beyond diffusion approximations, dynamical
mean field theory (DMFT) provides another route to tracking high-dimensional training
dynamics, including for SGD in Gaussian mixture classification and related batching regimes

[17, 33, 62].

High-dimensional deterministic limits for SGD dynamics. Complementary to
continuous-time approximations, a long line of work derives deterministic dynamical descrip-
tions of learning in high-dimensional teacher—student and random-feature models. Early
studies of multi-index and soft-committee models established ODE characterizations of the
risk dynamics and showed how algorithmic choices, such as the stepsize, affect convergence
and generalization [14, 15, 78, 79]. Building on this statistical-physics tradition, Goldt et al.
[34] rigorously justified the resulting finite-dimensional ODE description for online SGD in



40

two-layer teacher—student networks with large input dimension and finitely many hidden
units, including overparameterized students and the case where both layers are trained. Par-
allel mathematical work developed systematic scaling-limit techniques for high-dimensional
online learning dynamics, often based on empirical-measure and martingale decompositions
[90, 91]. More recent work emphasizes that generalization depends on the interaction between
algorithm, architecture, and data distribution [34], and develops general techniques (e.g.,
martingale arguments) for proving high-dimensional limits [90, 91|. Comparisons across
limiting regimes and refinements of these ODE descriptions are studied in [4]. Other variants
show how changes in the geometry or constraints of the dynamics can lead to signal-locking
and dimension-robust behavior [3, 6, 24]. Streaming and multi-pass SGD have also been
analyzed through deterministic descriptions based on integral equations and homogenization-
type methods [51, 63, 71, 73]. Recent high-dimensional analyses have also begun to address
simplified attention/transformer-like architectures, including sequence single-index models
and single-layer attention models trained by SGD or few-step gradient procedures [5, 11];
these works, however, address low-dimensional order-parameter dynamics, gradient-flow
approximations, or few-step training rather than trajectory-level deterministic equivalents

for discrete-time SGD in diagonal parametrizations.

Covariance structure and finite-stepsize effects. Many classical high-dimensional
analyses assume isotropic data, but non-identity covariance can qualitatively change the
training dynamics and is important when the population covariance is unknown. Prior
work derives equations of motion under Gaussian-equivalence principles for multi-index and
random-feature models [35], with extensions to deeper architectures [36]. Covariance structure
has also been linked to plateau phenomena and slow phases in learning [100]. Recent work
derives exact high-dimensional limits for linear regression and analyzes how non-identity
covariance reshapes the optimization landscape and convergence behavior [20, 21]; related
extensions to adaptive algorithms are studied in |10, 22]. These results are especially relevant
at finite stepsizes, where stochasticity, data geometry, and algorithmic parameters can interact

beyond the small-stepsize limits captured by diffusion approximations.
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Implicit bias, flatness, and the role of stepsize. A related theme is the implicit bias
of gradient-based optimization. In separable logistic regression, gradient descent converges
in direction to the max-margin classifier [80], and in modern overparameterized settings
SGD is often viewed as providing an implicit regularization mechanism that can improve
generalization with little or no explicit regularization [101]. One influential hypothesis links
this behavior to SGD’s preference for flatter minima [40] and to empirical correlations between
flatness and generalization [48]. Related evidence appears in structured recovery problems,
where flat minima can coincide with exact recovery under suitable conditions [27]. Stepsize
and batch size are key levers in this picture: larger stepsizes and smaller batch sizes have been
argued to encourage exploration of flatter regions [44], and the batch-size-to-learning-rate
ratio can affect generalization [40|. Initialization also plays an important role in determining
the implicit bias: the initialization scale can control the transition between kernel /lazy and
rich /active regimes [95], while the relative shape of the initialization can further affect the
limiting solution selected by gradient methods [9]. Other proposed mechanisms include
landscape-smoothing interpretations [49], random-walk models on random landscapes [42],
and explanations based on batch variability and “catapult” effects [102]. At the same
time, recent evidence cautions that sharpness and flatness can be tightly entangled with
optimization hyperparameters such as the stepsize, and need not correlate monotonically

with generalization across settings [1].

Diagonal linear neural networks. Diagonal linear networks provide a minimal yet
expressive model for studying implicit bias, stochastic optimization, and solution selection
in overparameterized settings. They allow precise comparisons between SGD and gradient
descent or gradient flow, including regimes where SGD exhibits favorable implicit bias [75]. In
sparse feature learning, empirical work suggests that large stepsizes alone may be insufficient
for sparsification without stochasticity [2]. Complementary theory shows that, in sparse
regression with diagonal linear networks, large stepsizes can systematically improve SGD

while harming gradient descent [31].
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3.1.2  High-dimensional Model Structure

We will consider objective functions R defined as the expectation of a composition of a simple
outer function f: R? — R and an inner map ¢: R*¢ — R?, given by
-
i 1 [ ¢(=)
R(z) :=E,¥(z;a), for a~DCR® where ¥Y(z;a):=f|—4 al. (3.7)
Vd 3

In the probabilistic analysis, it is important to treat f as a function of both components of
its input r = (r1,79) € R%. However, in the optimization context, we often regard f as a
function of a single real variable 71, with the second component r9 considered a fixed (but
possibly random) parameter.

We impose the following mild Lipschitzness assumption on f. Throughout, the symbol

|| - || will denote the standard ¢o-norm on vectors and the Frobenius norm on matrices.

Assumption 3.1.4 (Pseudo-Lipschitz continuity of f). The outer function f: R? — R is
a-pseudo-Lipschitz with constant L(f). That is, for all 7,7 € R?, it holds:

1F(r) = FO < L) I =21+ 111+ 17%).

In words, pseudo-Lipschitzness stipulates polynomial growth of Lipschitz constants on

balls with growing radii. Next we summarize our assumption on the data vector a ~ D.

Assumption 3.1.5 (Data). We consider data samples a ~ D drawn from a Gaussian
distribution N (0, K), where the covariance K € R¥? is diagonal. The entries of K are
uniformly bounded, meaning its operator norm satisfies | K|, < K, for some constant K > 0
independent d. In addition, we assume that the trace of K scales linearly with the dimension

d, that is, Tr(K) = ©(d).

Remark 3.1.6. The Gaussian assumption is used later both for concentration and for explicit
conditional moment calculations. In particular, for a fixed parameter value x, the proof
conditions the data vector a on its projection onto the low-dimensional subspace generated
by ¥(z) and f*. Gaussian conditioning gives closed-form conditional means and covariances,

which are used to identify the limiting drift and diffusion terms. The same assumption also
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provides concentration bounds for the linear and quadratic forms appearing in the martingale
estimates. Some of these concentration steps may extend to more general light-tailed data,
but the explicit conditional moment calculations used to identify the limiting drift and

diffusion explicitly rely on Gaussianity.

Remark 3.1.7. Observe that the trace condition Tr(K) = O(d) reflects the assumption that
the total variance of the input distribution remains proportional to the ambient dimension.
Our main results are calibrated for this high-dimensional regime. In settings where the trace
of K grows more slowly than d, alternative stepsize scalings for SGD may be required to

obtain nontrivial limiting behavior.

Our main target application is that of a diagonal linear network, in either parametrization
(3.2) and (3.3). In order to treat both parametrizations simultaneously, we assume that the

inner function v has a special quadratic form.

Assumption 3.1.8 (Diagonal Linear Neural Networks). The inner function ¢: R?? — R? is

component-wise quadratic, meaning that each output coordinate for i € {1,...,d} is given
by
g T (7%
Yi(u,v) = (u; v ) Q +1 +c, (3.8)
Vg V;
qi1 qi12 l1
where Q = e R?*? is symmetric, [ = € R? and c € R.
q12 422 Iy

Concretely, the formulations (3.2) and (3.3) correspond to setting ¥ (u,v) = u ® v for

0 1 0
Q= , and ¥(u,v) = u? —v? for Q = , respectively; while setting [ and
0 0 -1

¢ to be zero in both cases. Next, we assume that the ground truth vector 8* has bounded

N[

N[ =

entries.

Assumption 3.1.9 (Parameter Scaling). The entries of the signal 8* € R? are uniformly

bounded, that is, ||3*||,, < C for some C > 0 independent of d.

In what follows, for a parameter vector x = (u,v) € R??, we introduce the block matrix

W (z) = [¢(x)| 8* | 14] € RT?, (3.9)
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and let B(z) be the covariance matrix of the random vector %W(m)j—a € R3, or more
explicitly

B(z) = éW(x)TKW(a:) € R3%3, (3.10)

Since R(x) depends on x only through the Gaussian %W(:c)Ta, the learning dynamics can
be summarized by the matrix B(z): there exists a function h: R3*3 — R such that the risk
decomposes as R(z) = h (B(z)). Explicitly, for both formulations (3.2) and (3.3), we obtain

the same function
1

n(B) =

(B11 — Bi2 — Bo1 + Baa) .

The next two assumptions simply require that (i) the risk is a smooth function of this
summary (so we may differentiate through the expectation to obtain the gradient) and (ii)
the corresponding second-moment quantity controlling the size of the stochastic gradient

noise is equally well-behaved.

Assumption 3.1.10 (Risk Representation). There is an open set &« C R3*3 such that
B(xzo) € U, and provided that B(z) € U, the map = — R(z) := h(B(z)) is differentiable
and satisfies

VR(z) =E, VV(z;0a).

Furthermore, h is continuously differentiable on U and its derivative Vh is a-pseudo-Lipschitz,

that is, there is a constant L(h) > 0, so that for all B, B € U, it holds:

HVh(B) — Vh(B)

’<LHB—BH(1+||BH°‘+HBHQ). (3.11)

We note that the commutation of expectation and gradient holds trivially on ¢/ = R3*3
once V¥ is continuously differentiable. Moreover, the choice of the Frobenius norm in (3.11)
is essentially arbitrary, and it can be replaced by the operator norm due to equivalence of
norms on R3*3.

Our arguments will rely on the evolutiog of the second moment of the gradient

L [(v@
Vd 5
1

through the Gaussian ﬁW(:U)Ta, analogous to the risk, there exists a function 7: R3*? — R

E. [Vn f (7“)2}, where we set r := a. Since this quantity depends on z only
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satisfying E,[V,, f(r)?] = I (B(x)). In particular, for the two formulations (3.2) and (3.3),
the function [ is simply

I(B) = 2h (B).

Assumption 3.1.11 (Pseudo-Lipschitzness of Square Gradients). The function I is a-
pseudo-Lipschitz with constant L(I) > 0, that is, for all B, B € U,

I(B) — I(B)

<L HB _ BH (1+|B|* + HBHQ).

Remark 3.1.12. All the typical losses satisfy the requisite assumptions, including logistic re-
gression and the mean square error (see Appendix B.5). We also note that Assumptions 3.1.10
and 3.1.11 are nearly satisfied for L-smooth objectives f, and a version of the main theorem

holds under just this assumption (albeit with a weaker conclusion) (see [[21], Appendix B]).

3.1.8  Algorithm Formulation

We consider the widely used streaming stochastic gradient descent (SGD) algorithm. At each
iteration k, the algorithm generates a fresh data point axy1 ~ N(0, K) and updates the

iterates . € R24 using a stepsize ¥, according to the recurrence

Tht1 = ok — Vi Vo U(Tk; apgr), (3.12)

where V, is the usual gradient operator with respect to the x variable. We impose the
following assumption on the stepsize, which stipulates that 7. is a bounded deterministic

function of k/d.

Assumption 3.1.13 (Stepsize). There exists a constant ¥ < oo and a deterministic scalar

function ~y: [0,00) — [0, 00) which is bounded by 4 and satisfies the equation v = =y (%)

We always work in a formulation where the entries of the iterates {xy} remain bounded,

independent of dimension. Within the class of high-dimensional representations, we note that

the random variable —= (¢(z))" @ should not carry dimension dependence, as otherwise the

Vd
outer function f (which can very well be non-linear) degenerates to its behavior at infinity.
The functions h and I will allow us to construct closed, deterministic dynamics that

describe the high-dimensional limit of stochastic gradient descent. To condense the notation,
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we use
T

1| ¢z
T = —= ( ) ap4+1 € RZ,

Vd | g
so that the SGD update (3.12) simplifies as follows:

Tk4+1 = Tk L
1= _ Ik
Vd

Note that the stepsize v is scaled in a way that SGD will behave well across different

Vo, (i) (Vi () T @ (3.13)

dimensions; without the factor of v/d in (3.13), the algorithm would degenerate to pure noise
or to gradient flow as dimension increases. For any fixed dimension, note however that the

stepsize 7, can be arbitrarily large (as long as it is bounded uniformly across dimensions).
3.2 High-dimensional Diffusion Approximation for SGD

We begin by introducing our stochastic differential equation (SDE), called homogenized SGD.
Specifically, we approximate SGD by the diffusion (X¢):>0 solving the SDE:

X = —y(H)dVR(X)dE + v(1) /T (B(Xy)) (Vp(2r)) T VEdBy, (3.14)

with initial condition Xy = x¢ and dB; the differential of a standard Brownian motion in
R?. In the diffusion coefficient in (3.14), the quantity I(B(z)) captures the effective scalar
magnitude of the stochastic gradient noise, while (V4(z)) v/ K describes how this noise
propagates through the nonlinear parametrization and the data covariance. This structure
is not imposed by covariance matching; it arises from the high-dimensional concentration

argument used to identify the limiting drift and diffusion.

Remark 3.2.1 (Non-diagonal covariance). The homogenized SDE (3.14) admits a natural
extension to general covariance matrices K in the mean-squared error setting introduced
in Section B.5.1, where the diffusion is determined by the full covariance of the stochastic
gradient. The key point is that in the diagonal K setting, the last two terms arising in the
conditional covariance decomposition of the Hessian contribution are effectively negligible for
the class of statistics considered in this work, whereas for non-diagonal covariance matrices

these terms appear to remain non-negligible in the high-dimensional limit, contributing an
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additional rank-one fluctuation term to the covariance structure of the noise. Indeed, an

application of Isserlis/Wick formula yields

Ea[($(2) = % a)*aaT| = ((@(X) - 87)TK((X,) - B)K
+ (K () (X)) — B (K (%) — B4) "
This leads formally to the SDE

dXy = — () d VR(Xy) dt
. 12 (3.15)
+(8) (T(BX) (T9(0) T KV(X) +dVR(X) (VR(G)T) ' dB,
where in this case d®B; denotes the differential of a standard Brownian motion in R2.
The main obstruction to extending our deterministic equivalent result to general covariance
K is therefore not the SDE approximation itself, but rather the closure of the deterministic
equations for the statistics. When K is non-diagonal, the covariance couples the coordinates
through non-commuting resolvent terms, and the finite-dimensional PDE closure used in
this work no longer applies. Nevertheless, our numerical experiments suggest that the
same high-dimensional concentration phenomenon persists beyond the diagonal setting; see

Figure 3.3.

The SDE (3.14) is useful because it describes the evolution of many quantities of interest
by direct It6 calculus. Concretely, given any sufficiently regular statistic ¢, It6’s formula

gives a decomposition:

de(X) = Lo(t, X)) dt + V() "o (t, X)) dBy (3.16)
———
drift Brownian / martingale term

where L is the drift—diffusion operator (first-order drift contribution plus second-order It

correction) and o is the diffusion matrix coefficient of the SDE.

3.2.1 Relation to Prior SDE and Homogenization Approzimations

A key conceptual distinction between our framework and classical diffusion
(weak-approximation) approaches lies in the regime under which the continuous-time limit

becomes accurate. Traditional diffusion approximations [23, 50, 54, 60] operate at fixed



48

10 Standard Parametrization Squared Parametrization
' ‘ mm J-16 0.8
|
o8l Id . =64
‘ B Jd=256 0.6
d=1024
0.6
3 d=4096
I~z 0.4
0.4
0.2 0.2
0.0
0 1 2 3 4 5 0 1 2 3 4 5
SGD lIterations/d (t) SGD lIterations/d (t)

Figure 3.3: Risk concentration of SGD and the homogenized SDE under non-
diagonal covariance on a diagonal linear network. As the dimension d increases, the
risk trajectories of SGD (opaque) concentrate around the prediction of the non-diagonal
homogenized SDE (3.15) (transparent), suggesting that the same high-dimensional concen-
tration phenomenon persists beyond the diagonal covariance setting. The covariance matrix

K is sampled from a Marchenko—Pastur ensemble. See Appendix B.6 for simulation details.

dimension with accuracy controlled by the small-stepsize limit v — 0 (after a time rescaling).
In that setting, the drift dominates and the stochastic fluctuations vanish, yielding weak

convergence of the discrete algorithm to its ODE/SDE formulation.

Our aim is not to provide a black-box homogenization theorem for arbitrary stochastic
systems, but to obtain a closed finite-stepsize, high-dimensional description for a nonlinear
overparameterized model. The diagonal linear network is a natural minimal target: it is
simple enough to admit an exact resolvent closure, but already exhibits the interaction
between nonconvex parametrization, stochastic gradients, and finite stepsize effects. Existing
small-stepsize diffusion approximations and more general homogenization viewpoints do not
directly yield a closed deterministic description for the nonlinear feature map v (z) considered
here; the closure instead requires tracking a multi-resolvent statistic and leads to the PDE
system (B.6).

In the diagonal linear network setting defined in (3.3), [75] follows this diffusion viewpoint

and studies SGD via stochastic gradient flow (SGF), a perturbed-gradient-flow SDE whose
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diffusion term is calibrated so that an Euler discretization matches the covariance of the

SGD noise:
dX; = —dVR(X)dt + /v (B(Xy)) (Vo(Xy) " VK dB,. (3.17)

The two SDEs are closely related in form, but they correspond to different limiting regimes.
Homogenized SGD (3.14) has drift and noise both proportional to (¢), whereas the covariance-
matched diffusion (3.17) has drift independent of (¢) and noise of order /(). Equivalently,
a deterministic time change in (3.14) produces the algebraic scaling of (3.17). However, this
does not make the two approximations equivalent for the discrete-time dynamics studied
here: (3.17) is justified in the small-stepsize regime v — 0 at fixed dimension, while (3.14) is
justified in the high-dimensional regime d — oo at fixed stepsize. Thus the two SDEs describe
different approximation limits of SGD. Our approach departs from covariance matching: our
diffusion coefficient is derived from a high-dimensional limit theory |21], where approximation
accuracy improves as d — oo while the stepsize v remains fixed. Here the effective dynamics
of the algorithm are controlled by high-dimensional concentration rather than vanishing
stepsizes. The resulting SDE model provides an increasingly precise description of the
discrete-time risk curves as d grows. Empirically, we find that it tracks SGD more closely
than the covariance-matched diffusion model at large stepsizes (see Figure 3.4), as our theory
predicts. Shrinking «y drives the high-dimensional dynamics toward (3.17), whereas increasing

d strengthens the approximation without changing the limiting dynamics.

3.3 High-dimensional Concentration of SGD and its Diffusion Approximation

This section formalizes the main concentration phenomenon: in the high-dimensional regime,
both streaming SGD and the homogenized SGD introduced in Section 3.2 concentrate around
the same deterministic dynamics. The key point is that, under our structural assumptions,
the risk and the quantities that drive the update can be expressed through a small collection
of empirical matrix statistics. We encode this information into a 3 x 3 resolvent-based matrix
S(z, z) (indexed by z on a fixed contour I'). Knowing the map z — S(x, z) determines B(z)
via a contour integral, and hence determines the learning curves and all other statistics of

interest.
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Figure 3.4: Risk discrepancy between SGD and its continuous-time approximations
on a diagonal linear network. For each stepsize 7y, we report the absolute difference
between the empirical risk of SGD after T-d iterations (with 7" = 20) and two approximations:
(i) homogenized SGD (HSGD) (3.14) (blue), and (ii) stochastic gradient flow (SGF) (3.17)
(pink). As v increases, HSGD is a more accurate approximation of SGD, whereas SGF
degrades. Initialization scale a controls proximity to the saddle point z = 0: smaller «
corresponds to a longer transient before learning accelerates. See Appendix B.6 for simulation

details.

Let z = (21, 29, 23, 24) € C* be such that

o ¢ o(diagw), = ¢ o(diag(v), 2 ¢ o(diag(8), 2 ¢ o(K).

Equivalently, all resolvents appearing below are well-defined. In Remark 3.3.3, we specify a

product domain on which this condition holds. Define the matrix
Q(z, 2) := R(z1;diag(u)) R(22; diag(v)) R(z3; diag(8*)) R(24; K) € C™, (3.18)
where R(z; A) := (215 — A)~! denotes the resolvent of A. We then set

S(z,2) = %W(x)TQ(a:, AW (2) € O3, (3.19)

where W (x) is the stacked matrix defined in (3.9). In particular, we evaluate these quantities
either along SGD, writing S(z, z) and B(xy), or along the diffusion, writing S(X, z) and
B(Xy).
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To control the resolvents uniformly over time (and to justify the fixed contour), we work
on the high-probability event that the iterates remain uniformly bounded on the time interval
of interest. This non-explosiveness condition is standard in high-dimensional/diffusion-limit
arguments and is consistent with our numerical experiments, where we do not observe any
such explosions. Moreover, we show in Theorem 3.3.9 that this holds automatically for all

stepsizes v below a small (explicit) numerical constant.

Assumption 3.3.1 (Non-explosiveness). There exists M > 0 independent of d such that the
initialization satisfies ||xg||co < M, and such that, for every fixed T' > 0, with overwhelming
probability:

sup  ||zg|loo < M and sup || X¢ljeo < M.
0<k<|Td 0<t<T

Remark 3.3.2. Assumption 3.3.1 is stated in a general form. In Appendix B.4, we verify
that it holds in the isotropic squared-parametrization setting 5* = 14, K = I;, and constant
stepsize v. More precisely, for sufficiently small v, we establish a high-probability exponential
decay of the risk. We then show that risk integrability yields uniform-in-time bounds on the
coordinates of the solution and prevents them from approaching the origin. By the standard
continuation criterion for SDEs, these bounds rule out finite-time explosion, thereby verifying

Assumption 3.3.1 in this setting.

Remark 3.3.3. Under Assumption 3.3.1, the spectra of diag(u) and diag(v) remain inside
the circle Capr(0) :== {2z € C: |z| = 2M} over the time intervals considered. Throughout the
paper, we fix the product contour I' = I'; x 'y x '3 x T'y € C* given by I'} = I'y = C(0)

and

Py = {z3: [z3] = max{1, 2|5} },  Ta= {2z |2a] = max{L, 2| K]lop}}.

The contours are chosen in such a way that each I'; encloses the relevant spectrum with a
fixed positive margin. Thus, by the Cauchy integral formula, B can be recovered from S via

B(z) = ﬁ $p 24 S(x, z) dz, and hence

1

Bl) = Gy

1
£z4 S(zk,z)dz, and B(X;) = (277)4%1224 S(Xy, z) dz. (3.20)
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In order to derive deterministic dynamics, we pass to a rescaled continuous-time parameter:
k iterations of SGD = [td|, wheret € R is the continuous time parameter.

This time change is natural, since when the size of the problem grows, more SGD iterations
are needed to solve the underlying problem and make equivalent progress. This scaling law
ensures all training dynamics live on the same space and are comparable across problem

sizes.

Deterministic Limit Dynamics (PDE). Next, for each z € I' C C4, let .7(t,2) € C3*3

denote the (local) solution of the partial integro-differential equation
aty(ta ) = ?('7‘5/@7 ))7 y(o’ Z) = S(J:Ua Z)v (321)

where the function F is defined in (B.5) and involves contour integrals around I' and derivatives
in z of .. We define the associated deterministic quantities

Bt) = (271T)4 é WS de, B = h(BR), I = (BR).  (3.22)

Since (3.21) is a fully nonlinear, nonlocal (integro-differential) parabolic PDE, we do not
pursue global well-posedness. Throughout, . (t, z) denotes any solution defined up to %(t)’s
first exit time from the domain of validity of the coefficients U (or blow-up), whenever such a
solution exists. In practice, we solve (3.21) numerically using standard discretization methods,
and these computed solutions form the basis of the numerical simulations presented in this
paper.

The next theorem states the concentration result: both sequences B(z|44)) (SGD) and
B(X;) (homogenized SGD) track the same deterministic curve %(t) while the dynamics

remain in Y.
Theorem 3.3.4 (Learning Curves). Suppose that Assumptions 3.1.4, 8.1.5, 3.1.8, 3.1.9, 8.1.10,
3.1.11, 3.1.13, and 3.3.1 hold. Let .7 (t,z) solve (3.21) and define A(t) by (3.22).

(i) Streaming SGD. Let 9 be the first time that either (t) or B(z|4q)) exit U. Then there

exists an € > 0 such that for any T > 0, with overwhelming probability, it holds:

sup H%(t) — B(thdJ)H <dE. (3.23)
0<t<STAY
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(it) Homogenized SDE. For any n > 0, define the set Uy, := {B €U: infgy, IB— B >
77}, and let O be the first time that either %(t) or B(X;) exit U,. Then there exists € > 0
such that for any T > 0, with overwhelming probability, it holds:

S |2(t) = B (Xy)|| < d™*. (3.24)
Remark 3.3.5. Theorem 3.3.4 extends the concentration framework in [21] to a larger class
of risks, covering not only models such as multi-class logistic regression, but also mean-squared
error over diagonal linear networks. The main additional difficulty is the presence of the
inner nonlinear function 1, through which the data enter as (a,1(x)) rather than as a linear
inner product (a,x). This nonlinear parametrization leads, after applying Itd’s formula, to
products of multiple resolvents involving u, v, 5*, and K. This is precisely the step where
the finite-dimensional ODE closure available in least-squares-type settings breaks down. As a
result, the deterministic closure is no longer a finite-dimensional ODE as in |21], but instead
takes the form of a partial integro-differential equation for the matrix-valued statistic .7 (¢, z)
with z € C*. Thus the extension is not merely to more general test functions, but requires
handling a different closure mechanism. The commutativity assumption is what allows these
products to be reordered into a fixed multi-resolvent statistic; without it, the Itd6 expansion
would generate noncommuting resolvent words that are not closed by the statistic S(z, 2).
To retain tractability, we assume a commutativity structure, which in our setting leads to

the restriction that K is diagonal rather than a general covariance matrix.

3.3.1 Other Statistics

Summarizing, we have shown that both B(z|44)) and B(X;) concentrate around a deterministic
limit. Now we pass to tracking various statistics p(x) along the SGD and homogenized SGD
trajectories and showing that they are governed by the same deterministic dynamics in the
large dimensional limit. The statistics that will satisfy this property are the ones satisfying

the following assumption:

Assumption 3.3.6. The statistic ¢: R?? — R satisfies a composite structure,

(o) =3 (W7 ding(00)ax(cog(0)as( W ).
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where ¢g: R33® — R is a-pseudo-Lipschitz on & and qi, g2, ¢4 are polynomials.

This assumption covers all the typical statistics, including the risk, curvature, squared
norms, and estimation errors that do not explicitly involve the covariance K (e.g., || (z)||% and
|19 (z) — B*]|3); £2-regularized objectives, and higher-order quantities built from derivatives of
the risk. In order to describe the deterministic equivalent of ¢ we require its continuous-time

analog:

(1) = g <(271r)4 7{ 01 (21)g0(22)qa(20) F (1, 2) dz> . (3.25)

The following theorem shows that ¢(t)—a deterministic function of a single variable-governs

the evolution of ¢ both along the SGD and the homogenized SGD trajectories.

Theorem 3.3.7. Suppose Assumptions 3.1.4, 8.1.5, 3.1.8, 8.1.9, 3.1.10, 3.1.11, 3.1.13,
and 3.3.1 hold. Suppose further that U = R3*3. For any function o, which satisfies
Assumption 3.5.6, and for any T > 0, and € € (0,1/2) there is a constant C (not depending

on d) so that with overwhelming probability it holds:

sup <|so<xwp )]+ lolx) — ¢>(t)\) < od~. (3.26)

o<t<T

Intuition of the proof. We introduce the statistic S(z, z) in (3.19) because the resolvents
in Q(z, z) allow us to represent the polynomial statistics from Assumption 3.3.6 by contour
integrals, via Cauchy’s integral formula. Thus, rather than tracking each statistic separately,
it suffices to prove concentration for the single matrix-valued statistic .S. The concentration
is proved before taking contour integrals: for each time, the control holds simultaneously for
all spectral parameters z on the fixed product contour from Remark 3.3.3. This uniform-in-z
control is what allows the Cauchy integral representations to be applied afterward. The
main step is to show that both S(z|4),2) and S(X;, z) are approximate solutions of the
same deterministic equation, whose solution is denoted by . (t,z). The commutativity
assumptions ensure that the terms produced by the Doob/It6 expansions can be rewritten in
terms of this same statistic S, yielding the closed PDE system (B.6). Stability of this PDE
then implies that S(x |4, 2) and S(X;, z) both remain close to (¢, z). Finally, B(x) follows
from the contour representation in Remark 3.3.3, and any admissible statistic ¢ follows by

applying the same contour-integral stability argument.
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Remark 3.3.8. While the PDE (3.21) offers the most complete description of the high-
dimensional dynamics, the SDE (3.14) is often the most effective tool in practice, both
because it is cheaper to simulate numerically (e.g., via Euler-Maruyama time stepping)
and because it lets us quickly identify the deterministic evolution of admissible statistics ¢.
Applying It6’s formula to ¢(X¢) gives a drift term, including the second-order It6 correction,
and a martingale term as in (3.16). The key point is that Lp(X;) can be rewritten in terms
of the same class of admissible statistics (possibly after enlarging the class to achieve closure),
producing a closed deterministic system. The Brownian term is not discarded at the level of
the full trajectory X;; rather, our concentration estimates show that the resulting martingale
term in the evolution of admissible statistics is negligible in the high-dimensional limit.
Thus the deterministic equations for ¢(t) are obtained by retaining the full drift of the Ito6
expansion, including the It6 correction, and controlling the martingale term at the level of

statistics.

As a concrete application for our result, we show that when the stepsize is below a
constant threshold, the SDE iterates remain bounded (hence Assumption 3.3.1 holds) and
the risk decays exponentially fast to zero. Therefore using Theorem 3.3.7 we see that the

same is true for SGD iterates themselves.

Theorem 3.3.9 (High-probability Exponential Decay). Consider homogenized SGD (3.4) for
diagonal linear networks under the squared parametrization (3.3), initialized at Ug; = Vo,; = 1
fori =1,...,d. Then for sufficiently small stepsize v > 0 (below an explicit numerical
constant) and for any § € (0,1), there exist constants C,pu > 0 (not dependent on t or d)
such that with probability at least 1 — 6§, it holds:

R(X;) < Ce ™™ forallt > 0. (3.27)
In particular, Assumption 3.8.1 holds.

Our results also enable the analysis of finer statistics of the dynamics.

Potential further applications. Beyond convergence, our concentration framework can

be used to analyze additional statistics of the dynamics. A promising interesting example
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is ¢(z) = 3 Tr(V*R(x)), which provides a tractable proxy for the average local curvature

(and hence “sharpness”) of the landscape at the current iterate. This quantity appears in
[27], where flatness predicts good generalization, as well as in studies of the Sharpness-
Aware Minimization (SAM) algorithm [94]. Tracking both R(x) and ¢(x) through their
deterministic expressions gives a way to study progressive sharpening, a phenomenon that
has recently garnered some attention [19, 44, 46, 56, 58, 99]. Empirically, one often observes
transient phases where the risk temporarily increases before converging while the curvature
decreases, indicating that the trajectory moves toward flatter regions of the landscape (cf.
Figure 3.2). In this sense, éTr(VZR) allows one to quantify how these phases depend on
the learning rate. We see such behavior in Figure 3.2 and numerically can find the different

ranges of stepsizes by using the deterministic equations.

Conclusion. We introduce a high-dimensional continuous-time description of discrete-
time SGD for diagonal network models. Our framework develops an SDE, which we call
homogenized SGD, that accurately tracks training dynamics at practical stepsizes. Our
main technical contribution is a concentration argument that shows that both SGD and
homogenized SGD converge in an appropriate sense to a deterministic PDE for a wide class
of statistics, including risk and curvature. Unlike classical diffusion limits, which require
vanishing stepsizes, our approximation becomes exact as the parameter dimension d — oo,
even for large stepsizes.

An interesting next step, which we plan to pursue, is to leverage these deterministic
dynamics to study key behaviors of diagonal linear networks, such as implicit bias and
progressive sharpening. The framework we developed here provides a precise characterization
of the risk and other statistics, enabling a detailed understanding of how problem-dependent
quantities (e.g., average eigenvalue of the data covariance matrix) influence the effective
stepsize and the convergence or divergence of SGD. In particular, using the deterministic
equivalents developed here, we plan to investigate the progressive sharpening phenomenon,

widely observed in practice in neural network training.
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Appendix A
APPENDIX FOR CHAPTER 2

Broader Impact Statement. The work presented in this paper is foundational research
and it is not tied to any particular application. The set-up is on a simple well-studied
high-dimensional linear composites (e.g., least squares, logistic regression, phase retrieval)
with synthetic data and solved using known al gorithms, e.g., AdaGrad-Norm. We present
deterministic dynamics for the training loss and adaptive stepsizes. The results are theoretical
and we do not anticipate any direct ethical and societal issues. We believe the results will be
used by machine learning practitioners and we encourage them to use it to build a more just,

prosperous world.
A.1 SGD adaptive learning rate algorithms and stepsizes

In this section, we write down the explicit update rules for 2 different adaptive stochastic

gradient descent algorithms.

Example: AdaGrad-Norm. We begin with AdaGrad-Norm (see Algorithm 1). Note by

unraveling the recursion, we have that

9k = 1 k . ’ (Al)
\/b2 + 2 20 IVxW(Xj5aj41, €540 |12

with the deterministic equivalent (see Section 2.2 and also A.3.3) for this learning rate being

U
, = : (A.2)
! \/ b2+ 2D (11 ((s)) ds

In the case of the least squares problem, the quantity I(Z(t)) is explicit and

= 2T qu t '
Vo2 + 2B (s ds
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Algorithm 1 AdaGrad-Norm
Require: Initialize n > 0, Xo € R% b € R and set by = b x d

for k=1,2,...,do

Generate new sample a, ~ N(0, K), e ~ N(0,w?);
b 021 + | VxO( Xy ag, €)%

gr—1 = d X ply; > updating learning rate
Xp— Xpq1 — g’“d” VxV(Xk_1;ak, €k); > updating step with stochastic gradient
end for

Example: RMSprop-Norm We consider the "normed" version of RMSprop, that is,
where there is only one learning rate parameter.

We consider Algorithm 2 where we put a factor of the learning into the exponential
moving average for RMSprop. The deterministic equivalent for g for Alg. 2 (see Section 2.2)

1s

b __ tn _ (A.4)
\/b%fat + TE) f o—alt=s)1(5(s)) ds

In the case of the least squares problem, the quantity 1(Z(t)) is explicit and

= 7 . (A.5)
\/b2e_at + 72T‘r(i(K) fg e~t=5)Z(s) ds

A.2 The Dynamical nexus

In this section, we prove the main theorem on concentration of the risk curves and learning
rates. We shall set some notation. In what follows, we again use W = [X|X*] € R¥2. We
also use W+ = [W|Xo] = [X|X*| Xo).

We shall also use the shorthand r = (a, W), and x = (a, X) so that f({a, X), (a, X*);€) =
f({a, W);€) = f(r;e).

We shall let B = B(X) = WTKW be the covariance matrix of the Gaussian vector r.
We also write f’ for the 9, f.
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Algorithm 2 RMSprop-Norm, o Exponential Moving Average
Require: Initialize n > 0, Xg € R%, b € R and set bg = d x b, & > 0 exponential moving

avg.
g-1=dx g
for k=1,2,...,do
Generate new sample ax ~ N(0, K), e, ~ N(0,w?);
bi —a- bi_l + (1= a)|[|[Vx U (Xp_1;an, e)||%;

k-1 =d X% ﬁ; > updating learning rate
Xp+— X1 — g’“d*lVX\I/(Xk,l; ak, €;); > updating step with stochastic gradient
end for

A.2.1 Discussion of the assumptions on f

In this section we show how the assumptions we put on A and I are almost satisfied for

L-smooth f. We say that f is L-smooth if:

IV f(r1se1) = Vf(ra, )|l < Ly/(lrr —72[? + e — e2]]?),
which we note implies f is a-pseudo Lipschitz with a = 1.

Lemma A.2.1. 1. There exists a function h : R**? — R such that h(B(X)) = R(X) is
differentiable and satisfies

VxR(X) =E.VxV(X;a,e).

Furthermore, h is continuously differentiable on {B : det B # 0} and its derivative Vh

satisfies an estimate
IVR(B1) = VR(By)|| < (V2 + D)L(f) min{[| By lop, B3 llop} I B1 — Bl .
2. The function I(B) = Eq ([(f'({a, X); (a, X*),€))?] satisfies an estimate

|[1(B1) = I(B2)| < L(f)v/I(Bt) + I(Bz) min{|| By |lop, [| By *lop}| B1 — B2l -
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Proof. To derive the existence of h, note that
R(X) = E(E(f({a, X), (a, X7),)[€))

is an expectation of a Gaussian vector r = ({a, X), (a, X*)). This vector can be expressed as

an image of an iid Gaussian vector z by representing r = v/ Bz, and hence we have
h(B) < E(E(f(VBz €)le)).

As the function f is absolutely continuous with a Lipschitz gradient, we can differentiate

under the integral sign and conclude
VxR(X) = Vx E f({a, X), (a, X*),€) = EVx f({a, X), {a, X7}, ).

For the differentiability of h, suppose for the moment that f is C? with bounded second

derivatives.! Setting @ = v/B the positive semi-definite square root of B, we have
00,,h(Q%) = E(E(dq,,; f(Qz,€)|e)).
Then using the chain rule, and setting 9; f to be the i-th partial derivative of f,
00,,h(Q%) = E(E(20:f(Qz, €)le)) = E(E([Qi;0: + Q1;0;10:.f(Qz, €)]e)),

where we have applied Stein’s Lemma. We conclude when det @ # 0 by the implicit function

theorem that h is differentiable and we have

00, MQ%) = Ouhdg, (@) =Y _(0uh)Qji+ Y _(Okjh)Qir-
k

l

As a matrix equation, this can be written as

(Dh)Q + Q(Dh) =JQ where J = E(E((&kalf)(Qz, 6)’6))

This is a linear equation in Dh. When @) = 0, we can define

A:/ e R (JQ)e @ dt,
0

!This condition can be removed in a standard way: one creates an f. which is an approximation to
f formed by convolving with an isotropic Gaussian of variance e. This is C? and has bounded second
derivatives (as f was smooth). One then takes the limit as ¢ — 0.
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and note

d

AQ+ QA= — / h = (e 9(JQ)e™ @) dt = JQ.
0

Moreover, the mapping M +—» fooo e ! @Me tRdt defines a two-sided inverse for M —

MQ + QM, and so Dh = A. Note that by symmetry of J, @, and Dh

JQ = (Dh)Q + Q(Dh) = QJ,
and therefore
(DR)Q + Q(Dh) = S(Q + Q).

and so taking inverses on both sides, Dh = J.
Undoing Stein’s Lemma, we have Q(Dh) = (Dh)Q = M, where M;; =
E(E(2;0;f(Qz,€)l€)). From L-smoothness of f

IM(Q1) — M(Q2)|| < LE(|[2[l|Q12 — Q2z[) < V2L[|Q1 — Q2| -
Hence

IDR(QF) — Dh(Q3) = 1QT" M(Q1) — Q3 M(Q2)]
< 1QT Hlopll M (Q1) — Q1Q3 " M(Q2)|
< QT lop (1M (Q1) = M(Q2)l| + [(Q2 — Q1)Q3 ' M (Q2)])) -

Note Q5 M (Q2) = (Dh)(Q3) is bounded by L(f), and so we arrive at
IDA(QF) — Dh(Q)] < (V2 + DLHQ1  opllQ1 — Q2| F
< (V24 DL llopl| QF = Q3

We note the bound is symmetric in Q1 and Q2, and by density of C? in space of C1¥%P| this
holds for L-smooth f. This concludes the estimates for the derivative of h.

For the Fisher matrix, I(B), from L-smoothness, we have again with Q = v/B,

1(Q%) = E(E((01£(Qz,€))?]€)).

Then
11(QF) — 1(Q3)] < [E(E((01f(Q12,€))? — (91 £(Q2z,€))%[e))] -
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Applying Cauchy-Schwarz and using the L-smoothness of f,

11(QF) — 1(@3)] < 1(Q) + 1(Q3) x L()1Q1 — Q2| p.

O

This lemma shows that an L-smooth function nearly satisfies Assumption 2.1.3 and 2.1.4
provided that |[B~1||op is bounded. Therefore, our concentration result Theorem A.2.4 and

its Corollaries will hold provided we add a stopping time. Fix M > 0 and let

har(B) & inf{t > 0 : |B~|op > M}.

Then the concentration of the risk under SGD to a deterministic function, Theorem A.2.4,
holds with ¢ replaced with ¢ A hipr(B) A hpr(2). The corollaries of Theorem A.2.4 also follow
under this added stopping time.

In the next section, we prove this concentration theorem, Theorem A.2.4.

A.2.2  Integro-differential equation for 7 (t,z)

A goal of this paper is to show that quadratic statistics ¢ : R — R applied to SGD converge to
a deterministic function. This argument hinges on understanding the deterministic dynamics

of one important statistic, defined as
S(W,z) = W' R(z; K)W,

applied to W4 (SGD updates). Here W = [X|X*] and R(z; K) = (K — zIg) tfor z € Cis
the resolvent of the matrix K. The statistic S(W, z) is valuable because it encodes many other
important quantities including W' q(K)W for all polynomials q. We show that S (Wta)» 2)5
is close to a deterministic function (t,z) — (¢, z) which satisfies an integro-differential
equation.

To introduce the integro-differential equation, recall by Assumptions 2.1.3 and 2.1.4

R(X)=hoB(W) and E.[f'(a' W)?)]=T0B(W) with B(W)=WTKW,



64

and a-pseudo-Lipschitz functions A : R?*? — R differentiable and I : R?*2 — R. It will be

useful, throughout the remaining paper, to express Vh explicitly as a 2 x 2 matrix, that is,

Vhat | Vhoo

With these recollections, the integro-differential equation is defined below.

We first note that there is an actual solution to the integro-differential equation. This

solution is the same as the ODEs defined in the introduction (see (2.9)) and proved in [21,

Lemma 4.1].

Lemma A.2.2 (Equivalence to coupled ODEs.). The unique solution of (A.7) with initial
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condition (A.8) is given by
d
1 1
S =5 Z“ pomdlCl

In this section, we will be working with approximate solutions to the integro-differential
equation (A.6) (see below for specifics). For working with these solutions, we introduce some
notation. We shall always work on a fixed contour €2 surrounding the spectrum of K, given
by def {z : |z| = max {1, 2||K||op}}. We note that this contour is always distance at least

% from the spectrum of K. We define a norm, | - [|o, on a continuous function A4 : C — R as
[Alle = max | A(2)]- (A.9)
z€Q

Definition A.2.3 ((¢, M, T)-approximate solution to the integro-differential equation). For
constants M, T,e > 0, we call a continuous function § : [0,00) x C — R?*2 an (¢, M, T)-

approzimate solution of (A.6) if with

#ar(8) % inf {t >0 |IS(t, o > M},

then
sup  ||(t,-) — S(0,) —/O F(.8(s,)) ds||,, < ¢

0<t<(fm AT)
and 8(0,-) = W R(-, K)Wp, where Wy = [Xo|X*] is the initialization of SGD.
We suppress the 8 in the notation for 7,7, that is, 7ay = 7as(8), when the function 8 is

clear from the context.
We are now ready to state and prove one of our main results.

Theorem A.2.4 (Concentration of SGD and deterministic function . (¢, z)). Suppose the
risk function R(X) (2.2) satisfies Assumptions 2.1.2, 2.1.3, and 2.1.4. Suppose the learning
rate satisfies Assumption 2.1.6, and the initialization Xo and hidden parameters X* satisfy
Assumption 2.1.5. Moreover the data a ~ N (0, K) and label noise € satisfy Assumption 2.1.1.
Let {Wyq(} be generated from the iterates of SGD. Then there is an € > 0 so that for any

T,M > 0 and d sufficiently large, with overwhelming probability

sup [1S(Wia), ) = (¢, )le < d°°, (A.10)
0<t<TATp (S(W))ATas ()

where the deterministic function .7 (t, z) solves the integro-differential equation (A.6).
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Proof. By Proposition A.3.4, for any M and T, we can find a £ > 0 such that the function
S(Wyq, 2) is an (d—¢, M, T)-approximate solution. (For the deterministic function .7, it is an
(0, M, T)-approximate solution by definition.) We now apply the stability result, |21, Prop.

4.1], to conclude that there exists a € > 0 such that

sup  ||L(t, z) = S(Wig, 2)||lo < d7°,  w.o.p, (A.11)
0<t<TA%ar
where 7 is shorthand for 7a/(S(W,-)) A 7ar(-’). The result immediately follows. O

Corollary A.2.5. Suppose the assumptions of Theorem A.2.4 hold. Let f be an a-pseudo-

Lipschitz function with o < 1 and let q be a polynomial. Set

o(X) d:eff(WTq(K)W), o(t) def <_1?€)q(z)5ﬂ(t, z) dz) ,  where S (t,z) solves (A.6).

211

Then there is an € > 0 such that for d sufficiently large, with overwhelming probability,
S, o (Xia) — o(t) < d™°.

Proof. This is basically equivalent to [21, Corollary 4.2]. The only difference is that [21,

Corollary 4.2| requires the boundedness of .4"; however, since our function f is a-pseudo-

Lipschitz with o < 1, this boundedness follows from [21, Proposition 1.2|, and the rest of the

proof is identical to the one in [21]. O

Remark A.2.6. The learning rate gy, technically, is not a function of W' q(K)W . However,
Assumption 2.1.6 ensures that the learning rate concentrates around a function W1 q(K)W.

Therefore, Corollary A.2.5 applies to the learning rate.
A.3 SGD-AL is an approximate solution

We introduce a rescaling of time to relate the k-th iteration of SGD to the continuous time
parameter ¢ in the differential equation through the relationship k = [td]. Thus, when t = 1,
SGD has done exactly d updates. Since the parameter t is continuous and the iteration
counter k (integer) discrete, to simplify the discussion below, we eztend k to continuous
values through the floor operation, Xj et ¥ |k]- Using the continuous parameter ¢, the

iterates are related by X4 = X|4q).
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The paper [21] provides a net argument showing that we do not need to work with every
z on the contour §2 defining the integro-differential equation, but only polynomially many
in d. Recall that Q@ = {z : |2| = max{2||K||op,1}}. For a fixed £ > 0, we say that )¢ is a
d~¢-mesh of Q0 if Q¢ C 2 and for every z € €2 there exists a z € Q¢ such that |z — 2| < d=¢.
We can achieve this with ¢ having cardinality, |Q¢| = C(|Q])d*.

Lemma A.3.1 (Net argument, [21], Lemma 5.1). Fiz T, M > 0 and let £ > 0. Suppose §¢
is a d=% mesh of Q with |Q¢| = C-d* and positive C > 0. Let the function S(t,z) = S(Wyq, 2)
satisfy )

sup  ||S(t,-) —S(0,-) —/0 F(-,8(s,-) dsllo, <€ (A.12)

0<t<(mNT)
with #3p = inf{t > 0 : ||S(t,")|la > M}. Then S is a (¢ + C(M,T, || K| op)d =, M, T)-
approximate solution to the integro-differential equation, that is,
¢
sup [S(t) = 50~ [ FC.5(s,) dslla < e+ €,
OStS(ﬁu/\T) 0

where C' = C(M, T, ||K||op, L(I), L(h)) is a positive constant.

(We prove in Section A.3.1 that S(t, z) does indeed satisfy inequality (A.12).) We also

cite the following lemma, which relates two stopping times used throughout this paper.

Lemma A.3.2 (Stopping time, [21|, Lemma 4.2). For a constant C depending on || K||op,

we have
IS (Wiq, 2)||Q <2
[Wiall

Remark A.3.3. Fiz M > 0 and define the stopping time on |[Wyl|, ¥ = Onr, by

C<

def .
It (Wig) Dinf {t >0 ¢ Wi > M}
Due to the previous lemma, any stopping time Ty defined on ||S(t,-)||lq corresponds to a
stopping time ¥ on |Wyq||, that is, for c = C™1, #pp < Vepr.
A.8.1 SGD-AL is an approximated solution

Proposition A.3.4 (SGD-AL is an approximate solution). Fiz a T,M >0 and 0 < e < §/8,

where ¢ is defined in Assumption 2.1.6. Then S(Wiq, 2) is a (d=%, M, T)-approximate solution



68

w.o.p., that is,
t
sup  ||S(Wia, 2) — S(Wh, 2) —/ F(z,S(Wsq, 2)) dsllo < d™°. (A.13)
0<t<(TATar) 0
Again, the proof is very similar to [21, Prop. 5.2]. The one difference is that the
martingales and error terms are slightly more involved, because of the non-deterministic
stepsize we are using. The remainder of this section, along with section A.3.2, fills in the

details of bounding these lower-order terms, so that the proof can proceed as in [21].

Shorthand notation

In the following sections, we will be using various versions of the stepsize . In order to

simplify notation, we set

V(Gk) = ’Y(kak(d X ')7 Gk(d X )7Qk(d X ))7
V(Sk) = v(k, Ni(d x ), Gi(d x-), Qr(d X -)),

Y(Bg) = v(k, N(d x -), Tr(K)I(Bg(d x -))/d, Qk(d x -)).

Further, setting Ay def f'(rr)aky1, define

def

Il (k) e def def

ALV o(Xp)Ar/d, I(k) = Te(VZo(Xp) K)E[f (rk)? | Fil /d, Is(k) = Vo(Xi) " Ay

The normalization here (dividing by d) is chosen so that the I terms are all O(1); this is

formally shown in Lemma A.3.13.

SGD-AL under the statistic

We follow the approach in [21, Section 5.3| to rewrite the SGD adaptive learning rate update
rule as an integral equation. Considering a quadratic function ¢ : R¢ — R and performing

Taylor expansion, we obtain

v(Gy)?
2d2

oK) = (X0~ L v TaL s T ATv2 (A (aa)
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We will now relate this equation to its expectation by performing a Doob decomposition,

involving the following martingale increments and error terms:

de

-

AME (o) & 2 (@5 (F) +E [1(@o)Ts(R) | Fi]). (A1)
AMP= (o) & - ((GPLi (k) — E [W(Gx)PL(R) | ). (A.16)
EEP (o) | i) - (B [1(G(k) | Bl —A(BiPDa(h) (A17)
Ew%ﬁwhﬁﬁgé( E [/(G)I5(h) | Fil +7(B)Ve(X)TVR(X0).  (A18)

We can then write

(i) = 950~ T w0 TR (x0) + LS 20000 ) B (02 7

+ AMEY (o) + AME () + E[EF () | Fi] + E[EFY () | Fal.

Extending X} into continuous time by defining X; = X|;}, we sum up (integrate). For this,

we introduce the forward difference

giving us

P(Xia) = p(Xo) + Y (Ap)(X;) dzefSO(Xo)Jr/O d- (Ap)(Xsa) ds + &,
7=0

where [&q| = < max {|A¢(X;)|}. With this, we obtain the

0<5<[td]

t

/ d- Atp( sd) ds
(td]—1)/d

Doob decomposition for SGD-AL:

o) = plX0) - [ (But) Vo(Xoa) TVR(Xea) ds (A19)

+% t V(Bsa)? Tr(KV?0(Xsa)) E[f (r5a)? | Fea] d

ltd]—1
+ Y &lyp)
7=0
with  EM(p) = AMT () + AMF(p) (A.20)
+E[E] () | Fj] + E[€5™(0) | F)
+ &alp)-
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From here, we can proceed as in |21, Section 5.3] to show that SGD-AL is an (¢, M, T)-

approximated solution.

S(Wia, 2) is an approzimate solution

Proof of Proposition A.3.4. The appropriate stepsize, as a function of Wy, is
vt = y(td, Nia, Tr(K)I(Big)/d, Qta)-

(Note that N, I and @ can all be found as functions of S(Wq, -) using contour integration.)
It is shown in the proof of |21, Proposition 5.2| that given the analogue of (A.19) for

deterministic stepsize, S(Wyq, -) satisfies

. ltd]—1
S(Wtd,z)—S(Wo,z)Jr/ F (5,8 (Wa2) ds + 3 £3(S).
0 i=0

The only terms of (A.19) that differ in our case are the martingale and error terms. Thus to
show that S(Wy, ) is an approximate solution of the integro-differential equation (A.6) all
we need is to bound the martingales and error terms contained in S;H. Let Q={z : |z| =

max{1,2||K||op}}, as previously. We thus have that for all z € Q,

t
sup  |S(Wig,z) — S(Wh, z) —/ F(z,S(Weq,2)) ds| < sup  ||EA(S(-, 2))]|.
0<t<TNATnp 0 0<t<TANTnp

(A.21)

Next, fix a constant & > 0. Let Q¢ C 2 such that there exists a z € Q¢ such that [z —z| < d~¢
and the cardinality of €, |[Q¢| = Cd® where C > 0 can depend on || K||op. For all z € €,
we note that 7py < J.ps (see Lemma A.3.2). Consequently, we evaluate the error with the
stopped process W;Zl def Wiyeng) instead of using 7p7. By Proposition A.3.5, the proof of

which we have deferred to Section A.3.2, we have, for any §>0

sup  sup  ||IEI(S(-,2)] < dT0 wop. (A.22)
ZEQg 0<t<TANI. 1
We deduce that
t .
sup  ||S(Wya, 2) — S(Wo, 2) — / F(z, S(Wya, 2)) dsllg, < d*°/* w.op.
0<t<TATnm 0

An application of the net argument, Lemma A.3.1, finishes the proof after setting §=10 /8
and £ = J/8. O
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A.3.2 Error bounds

All the martingale and error terms (A.20) go to 0 as d grows. Formally,

Proposition A.3.5. Let the function f be defined as in Assumption 2.1.2. Let the statistic
S :[0,00) x C — R?*2 be defined as

S(t,2) = Wiha Rz K)Wiea (4.23)
where W = [X|X*]. Then, for any z € Q and T, M,{ > 0, with overwhelming probability,

sup  [|EFNS(,2))|| < 04,
0<t<TANAY

where to suppress notation we use ¥ as shorthand for Y.pr, and c is the constant from

Lemma A.3.2.
Proof. This follows from combining Propositions A.3.6, A.3.7, A.3.8, A.3.9, and A.3.10. [

The remainder of this subsection is devoted to proving these supporting propositions;
throughout these proofs we will work with the stopping time 9 as defined in the proposition

above.

Bounds on the lower order terms in the gradient and hessian

Proposition A.3.6 (Hessian error term). Let f and S be defined as in Assumption 2.1.2
and (A.23). Then, for any z € Q, T > 0 and { > 0, with overwhelming probability,

[td]—1
| [gHess(g 5 F < a=9/4+<.
b, 2 [ (e ) 1 Al <

Proof. For arbitrary z € Q and k < (T'A9)d — 1, set o(X) = S;(W, 2) to be the ij-th entry
of the matrix S(W, z). Then
2dE[E; () | Fir] = E [v(Gr)* L1 (k) | Fir] — 7(By)*La(k)
= E[(v(Gr)* = 7(Gr)*) 11 (k) | Fi]
+ (7(Gr)? = v(Br)*) ElL1 (k) | Fi] +~v(Br)* E[(I1(k) — Ia(k) | Fi]

=& +&E +&;.
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We look at |&;] first.

£l = [E [(4(G)? = 7))L (k) | Fi] |
<E (|G~ (@A) | 7B (|1 P 7l

< E [(Gi) +1(G0IE 1(Gr) — (Gl | F]* E [0 2 7]

N

1
I i 1
(G + G | F] - E7(Gr) = 4(Ge)| | Fal T - E [ (R) | Fi
For the first term, we use (2.6). We have
E (@) +1(G0) |F] < €) -E [[2+ 2Nl + 21Qull% + 1Gull% + 16117 1 7]

All the terms inside the expectation, apart from |G|, are deterministic with respect to
Fi. and bounded by a constant independent of d (see Lemma A.3.14). Since we know from
Lemma A.3.14 that for any € > 0, all moments of ||G||s are bounded by d° w.o.p., we

conclude
E | |v(Gg) +’7(gk)|7 \]:k] <d® w.o.p.

For the second term, we use (2.5). Again, since || Ng||s and [|Qk||cc are bounded due to our
stopping time, we have

E [[7(Gk) — v(Gr)| | Fi]T < d~/%,

1
The last term, E [\Il(k)|2 ]}'k} ? is also bounded by a constant (see Lemma A.3.13), and all
together, we find that |£;| < d°~%/* with overwhelming probability.

Now let us consider |&;|:

[E2] = |(7(G)? = v(Bi)*) E[L (k) | Fill = [v(Ge) +(Bi)l - [v(Gr) — ¥(Bi)| - | EUL1 (k) | Fill.

The first term is bounded by (2.6), since Gy, and Tr(K)I(By)/d are bounded independent of
d; the second term is bounded Cd~! by Lemma A.3.17, and the last term is bounded by a

constant by Lemma A.3.13.

Finally, consider |E3]:

&3] = 2(Br)? - [E[(L1 (k) — La(k) | Fi]|.
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By (2.6), the first term is bounded by C(7)2(1 4 | N:||% + |Q&ll% + || Te(K)I(By)/d||%)?.
All of these terms are bounded by a constant independent of d (because of the stopping
time.) The second term satisfies the assumptions of Lemma A.3.16 with H = V2p(X},), and
is thus bounded by Cd~!. All together,

24 E[E{ (i) | Fi] < d0/4F<.
Summing up to k = T'd and dividing through by 2d, we obtain the desired bound. O

Proposition A.3.7 (Gradient error term). Let f and S be defined as in Assumption 2.1.2
and (A.23). Then, for any z € Q, ( > 0 and T > 0, with overwhelming probability,

td]—1
os?ggw kzo HE [glgrad(s(‘vz)) | ]:k} H < d-9/4#¢C

Proof. We have

dE[EF™ | Fy] = — Ey(Gr)(Ve(Xn), Ak) | Fil + v(Bi)(Vo(Xi), VR(X4))
= —E[(4(Gk) — ¥(Gi)) Is(k) | Fi) — (+(Gx) — v(Bx) B[ Is(k) | Fi)

=&+ &.

We then have

[T
N

&1 SE[(G) =GP | 7] -E [l | 7]

PN
NI
N

<E[(Ge) + 5GP | Fe] - EIV(GK) =Gl | Rl - E [I1s(k) | Fi]

1
Just as in the Hessian argument, (2.6) lets us bound E [|’y(Gk) + (G |]:k} " by d° w.o.p.,
1

(2.5) lets us bound E[|v(G%) — v(Gk)| | Fx]T by d%/* w.o.p., and Lemma A.3.13 lets us
1
bound E [\I3(k)|2 ].Fk] * by a constant, giving an overall bound of |&;| < d~9/4+e,

By the same argument as in the Hessian case, |€3| is bounded by Cd~!; in conclu-
sion,

dE[EF™ | F) < d=°/.

Summing and dividing through by d, we obtain the desired result with { = ¢. O
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Proposition A.3.8 (Gradient martingale). Let f and S be defined as in Assumption 2.1.2
and (A.23). Then, for any z € Q, ¢ > 0 and T > 0, with overwhelming probability,

sup
0<t<TAY

MER(S(, 2))| < a2,

Proof. For notational convenience, set AM, = A./\/lizzc/idw), and Fy, = —y(Gg)Is(k)/d, so
that

AMy = Fy, — E[Fy | Fi.
Set F]f = Projg(Fy), that is, ensuring Fy stays in [~f,5]. Then F]f - E[F,f\}"k] is in
[—28,205], and so for the martingale Mg with increments A./\/lf = Fkﬁ - E[F,f | Fi:], Azuma’s

inequality tells us that

P(IMP|>1¢t) <2 =t <9 _—t
CUEDESS 2k eez) =T (2Td<2ﬁ>2>'

Set = d~11¢/2 and ¢t = d—1/2<; this becomes
P (!Mﬁ\ > d_1/2+<> < 2exp _—dc
M = 8T )

However, ./\/lg is not quite the martingale we started with: there is still an error term,

K
> (Fr — E[Fy | Fi)) - (FY —E[F] | Fi))
i=0

| My — Mf\ =

k
i=0
We bound this term in overwhelming probability. We have

P(Fy— F #0) =P(F| > 5)

P (!v(Gk)Ig(k) /d| > d*1+</2)

<P (y(Gy) = d/) + P (|15(k)] > a/1)
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The second term is superpolynomially small by Lemma A.3.13; the first term is superpolyno-

mially small by (2.6) and (A.3.14).

E[F}, — F} |]:k]‘ = \E[(Fk — F)1gp 55 | 7l

[N

1
< E[(Fe — F))? | Fal2 - E[1 5 55 | il
1
2

1
<AE[F} | Fi? - B[y g, >py | Fil2

< 4d E(G) | Fild - E[I3(k)* | Fi) ‘E[1gm,>8 | Fi.

As before, the first and second expectations are bounded by constants, and the last expectation
is just the probability that |Fj| > 5, which we have already shown is superpolynomially
small. So with overwhelming probability, we have

k
My = M| = S (B~ E[F | Fe)) — (Ff - E[F] | F])| < d7V/2+¢
1=0

(any power of d would have worked). Combining the error term and the projected martingale,

we find that, with overwhelming probability,
‘Mk’ < d—1/2+C‘

We can now take the maximum over k from 0 to 7'd using a union bound; this does not affect

the overwhelming probability statement. O

Proposition A.3.9 (Hessian martingale). Let f and S be defined as in Assumption 2.1.2
and (A.23). Then, for any z € Q, ( > 0 and T > 0, with overwhelming probability,
sup HMthst H < d~VHC
0<t<TAD
Proof. The proof here is basically identical to the previous one. Again, set Fj =
v(Gg)?1(k)/d and F,f = Projs(F), with their associated martingales being M, =
Fy, —E[F}, | Fx] and Mf = Fkﬁ —E[Fkﬂ | F:]. As before, Azuma’s inequality, with § = d—11¢/2,
gives us
dS

B> 1/2+¢ < 4
P(M) >d~ ) 2exp< 8T>
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The error term is also quite similar:

k
My — M < |F — B | + | E[F — F | Fi-
=0
‘We have
P(F}, — Fy #0) < P(y(Gy)? < d%*) + P(|Iz(k)| < d*/4),

both of which are superpolynomially small by (2.6) and Lemma A.3.13. For the expectation,

we have
|E[Fy — F | Fil| < 4d By (GR)® | Fild - BIL () | Filt - E[Lyp s | Fil?:

this product is superpolynomially small by (2.6), Lemma A.3.14, and Lemma A.3.13. Overall,

we have, with overwhelming probability,
’Mk‘ < d71/2+<.
Taking the supremum, we obtain the desired result. ]

Proposition A.3.10 (Integral error term). Let f and S be defined as in Assumption 2.1.2
and (A.23). Then, for z € Q,

[€a(S(,2)) < d™2,
Proof. We have, as above,
= | [ a6
(Ltd]—1)/d
< max {IAG(X;)]},
which is bounded by d='/? w.o.p. by the boundedness of I, I, I3, and v(By). O

General bounds

In this section, we make use of the subgaussian norm || - ||, of a random variable (see [87]

for details.) When it exists, this norm is defined as
1X |1y, = inf {v >0:Vt>0, P(X|>t) < ze—tg/Vz} . (A.24)

In particular, Gaussian random variables have a well-defined subgaussian norm.
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Lemma A.3.11 (|21], Lemma 5.3). There ezist constants ¢,C > 0 such that
W < IS(W, 2)lle < CIWIP, IVxSW.2)llo < CIIW|,  and [VXS(W,2)]a < C.

Lemma A.3.12 (Preliminary bounds). With f and Ay defined as above, for e > 0 and

A >0, we have

flre) <d° wo.p. and  E[|f (ri)]M | Fu] < C(N), (A.25)
2 2\ A
1Ak <||A£||) A

Proof of (A.25) in Lemma A.3.12. By [21, Lemma 3.4], if function f is a-pseudo-Lipschitz

<d® w.o.p. and E < C(N). (A.26)

with Lipschitz constant L(f) (as in (2.1.2)) and the noise € is independent of a, then
/()] < Cla)(L(f)(1+ ||+ [e]ymextted.
Then
[F)] < Ca) L))+ [ri] + [elymextied
< C(a)(L(F)) (A + | Xy apyr] + |eymxited, (A7)

Now, since a1 is Gaussian, we can write a1 = vV Kvy, for a standard normal vg. Then
we see that X,;rak-+1 = X,;r\/ Kuy, is a single-variable Gaussian, with variance |X,;FKX;€\ <
| Xell? - 1K |lop (bounded independently of d because of the stopping time on X). Similarly,

€ is Gaussian and independent of a1, so the expression (A.27) is bounded w.o.p. by d, and
A
E | (C)L + X ol + )" | 7 < o0y
for some constant C'(\). O

Proof of (A.26) in Lemma A.3.12. We can write a1 = V' Ky, where v, is a standard

d-dimensional normal vector. Then, by Hanson-Wright, we have

P ([llas ]2 = Ellaga 2| Fel| = d) =P ([of Kvi — Elo] Kui | Fl| = d)

<9 ( cd? >
< 2exp | —
1K1 + |1 K lopd

< 2exp <— cd” >
- d([| K Tlop + [1K1[3,

<2exp (—Cd).
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Now, note that E[v,} Kvg | Fi] = Tr(K) < d||K||op. Together, we get that |laj1|*> < d'Te

with overwhelming probability. Then

AN I ridansal? _ lawrallPF (re)?
d d d ’

which is bounded by d?* w.o.p. Now for the expectation:

Agl2\?
<H ;!) F

—- 1
2 2
VK| 3
: =" (H dv’“’ | Fr| -E [f/(rk)M’}—k}

=

2 2 1
<E (W) m] E[fe0MA]T (a2s)

For the first term, we have

2
1€ o - -
B [(d 7| = K1

=

<||v2u2>” m]

d—1
1 i 112y 2
2\ i (2 - .
< [IK]l5p - p ;_0 E [(Hka ) \]-"k} (Jensen’s inequality)
= ||KH(2)Q -E {vaﬂv‘ | fk} , (i.i.d. assumption)

where we are using the notation Uz to refer to the ith component of the vector vi. Now, since
v) is just a standard Gaussian, all of its moments are bounded. The second term in (A.28)

is bounded by a constant by (A.25), as desired. O

Lemma A.3.13 (Gradient and Hessian bounds). Setting
de, de
1(k) & ATV e(Xi)Aw/d, - To(k) & T(Vp(X0) K) B (i) | Fil /.

de,
I3(k) & Vo(Xi) ' Ay,

for any e >0 and A > 0, we have

\L(k)| <& wo.p. and E [|Il(k)mfk] <o), (A.29)
IL(k)| < C, (A.30)
I3(k)| < d° w.o.p. and E [|13(k)|’\|}"k] < CON). (A.31)
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Proof of (A.29) in Lemma A.5.15. Using the fact that |V2o(X)|lop < [|S(Wk, )|,

AL VZ(X5) A < |S(Wi, ) lall Axl?
d - d
2 2
< CHWkHdHAkH .

(Lemma A.3.11)

Now, [|[Wy|| is bounded by the stopping time. From Lemma A.3.12, % is bounded by d°

w.0.p., and every moment of this expression is bounded independent of d, as desired. O

Proof of (A.30) in Lemma A.3.13. We have
| T (V2o (X)) K) E[f(r)* [ Fil | _ dll V>0 (X5) K lop - ELf(r1)* | Fi]
d - d
< IV2@(Xi)llop * 1K llop - E[f (i) | Fi]

< CMPE[f'(ri)? | Frl- (Lemma A.3.11)
From Lemma A.3.12, E[f'(r).)? | Fi] is bounded by a constant independent of d, as desired. [J
Proof of (A.31) in Lemma A.3.13. We have
IVio(X3) T Akl < [Vo(Xk) Taggal - | (i)

By Lemma A.3.11, |[Vo(Xg)|| < C||[Wg|| < CM (since we are working under a stopping
time), and so V(X)) axy 1 is subgaussian (and thus bounded by d® w.o.p.). By (A.25),
f'(r%) is bounded by d® w.o.p., and so their product is bounded by d** w.o.p., as desired.

Now for the expectation:

E[|V(X0) T Akl | 7| < E |IVe(X0) T arnl - /()] | Fi

<E[IVe(x)Taenl| 7] B[ A

The first term is bounded by a constant independent of d, since subgaussian moments are

bounded. The second term is bounded by Lemma A.3.12, completing the proof. O

Lemma A.3.14 (Infinity norm bounds). For Gy, Ny, Qi as defined in 2.1.2, we have, for

any e, A > 0, there exists C' > 0 such that,

|Gklloo < d° w.o.p. and E[HGkHé‘O | F] < d° w.o.p., (A.32)

HNkHOO < Ca HQkHoo < C, Hngoo < C. (A.33)
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Proof. The first line, (A.32), follows from (A.26). For the first inequality, ||Gillcc =

maxo<;j<k I JH , which are all bounded by d° with overwhelming probability. A union

bound tells us that the maximum is also bounded by d® w.o.p.. For the second inequality,

1Ak)2\ HAW
( g ) |Fe| HE] max
1Ak12\ 142

( d | Fi +0<m3k1 d

<d, (w.0.p.)

E[|Gkla | Fr] <E

IN

E

as desired. The second line is more straightforward:

T+
I Nulloe = e [[(W;) W

Now, || X*|| and || Xo|| are bounded independent of d, and || X;|| is bounded by ¢M (because
of the stopping time we are using.) Thus the maximum over j of their inner products are

bounded by a constant. The same thing holds for ||Qg]|co:
1Qnlloc = max R(X;)

= max h(W KWj).
0<5<k

Since the derivative of h is pseudo-Lipschitz, h is continuous, and thus bounded for bounded

arguments. And indeed, the argument to h is bounded:
WKW < W51 lop,
both of which are bounded independent of d. Finally, a similar argument applies to Gy:

2
|Gk |loc = max IE[H Al |]—"} max C'=C
0<j<k 0<j<k

by Lemma A.3.12. ]

We now prove a concentration result that closely follows [21, Proposition 5.6].

Lemma A.3.15 (|21], Lemma 5.2). Suppose v € R is distributed N'(0,1;) and U € R*?

has orthonormal columns. Then

v|UTw ~o—UWUT0)+UU T, (A.34)
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where v — U (UTU) ~ N (O, Iy — UUT) and UUTv ~ N (O, UUT) with v—U (UT’U) indepen-
dent of UUTw.

Lemma A.3.16. For a matrizx H = Hj, with bounded operator norm, or |H|,p < C and
E[H}, | Fi] = Hy, set q(a) = a" Ha. Then

Elq(ags1)f (re)? | Fi] — Te(KH)E[f (ri)? | Fi]| < C(H).

Note that the H used here is not the same as the matriz used in the integro-differential

equation.

Proof. Many of the computations in this proof are taken directly from [21], but we repeat
them here for completeness. We have Fj, = o({W;}r_,); set Fi = c({Wik o, {ridk ). A

simple calculation shows that
Elq(ar1) f'(re)” | Fi] = Elg(arsr — Elagr1 | Fil) | Fi) Belf (ri)?]
+ q(Elags1 | Fi)) Bl £ (ri)?). (A.35)
To compute the conditional mean E[ay41 \fk] and covariance (ag4+1 — E[ag41 ’ﬁk])(ak+1 —

Elaji1 | Fi]) T, we use Lemma A.3.15. By Assumption 2.1.1, we can write aj, = v Kuvy, for
v ~ N(0, ).

Now we perform a QR-decomposition on v EKWj def QiR where Q € R¥*2 with
orthonormal columns and Ry € R?*? is upper triangular (and invertible). Set IIj, def QrQL.
In distribution,
ars1 | af Wi £ VEv | REQL vy
As Ry, is invertible, by Lemma A.3.15,
ag+1 | agHWk 4 VEKuy, | vak 4 \/E(vk — Hkvk) + VKL, vg. (A.36)

We note that (I;—IIg)vg ~ N(0,I;—1Ij) and Iyv, ~ N(0,11;) with (I;—IIx)vg independent

of Il;v,. From this, we have that

Elajt1 | Fi] = VK, where vp ~ N(0, Iy). (A.37)
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Moreover the conditional covariance of agy is precisely
(E[(art1 — Elagr1 | Fr))(arsr — Elangr [ Fi]) " 7)) (A.38)
= VEK(I; — VK, where Il = Q,QF.
Next, using that E[H}, | x| = Hy, we expand (A.35) to get the leading order behavior
Elg(ak1) f'(ri)? | Fi] = Te(HEK) Ec[f'(ry,)?]
— Te(HVETWE) Elf () (A.39)
+ q(VETgvg) Bl f (k)7
Taking the expectation with respect to Fi, we obtain
Elg(a1) f'(re)® | Fi] = Te(HK) E[f' (r1)? | Fi] = E[&) | Fl, (A.40)
where the error & is defined as
& = — Te(HVEE) E[f (ry)?) (A41)
+ q(VKTop) E[f' (1)) (A.42)
The proof now turns to bounding the expectation of this error quantity.
| Te(HVEKILVE) Elf'(r,)? | Fil| = | Te(HVEILVE)| - E[f (r4)? | Fi]
< 1H [lop | K [lop| Tr(XLe)| - ELf (rk)? | Fi]
< H llopll K llop - rank(Qr) ELf' (r4)* | Fi]
< 2| Hllop 1K llop E[f (&) | Fi]-

By (A.25), the expectation is bounded by a constant, so this term is overall bounded by a

constant. We move on to the next term in the error:
q(VETzoR) f'(ri)* < [ H lopl| K llop | Tkvg |1 £ (rk)?.

Taking expectations and using Cauchy Schwarz, we obtain

Elq(VETzor) £/ (rk)? | Fil < 1H lopll K llop - VENTevr|* | Fal - VELF (ri)* | F-

The first expectation is E[||ITzvg||? | Fx] = [[Hk||s = 8, and the second is bounded by (A.25)
as before. We thus conclude that E[&), | F] is bounded by a constant depending on || H ||op,
completing the proof. ]
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Lemma A.3.17. There is a constant C' such that

17(Gk) — v(By)| < Cd™".

Proof. Using the Lipschitz condition on the stepsize, we have

17(Gk) — v(Bk)|
< NG — Te(B)I(B) /dllow x (1 + 2 Nell3 + G0 l1% + | Tr(K)(Bi) /1 + 201 Q)
< C||Gr — Tr(K)I(Bg)/d| o (Lemma A.3.14)
< Cd™" max [Blafi1aj /()| F5) = Te(K) Bl (ry)? | 75|

<cdt, (Lemma A.3.16)

as desired. 0

A.8.83  Specific learning rates

In this section, we confirm that AdaGrad-Norm satisfies Assumption 2.1.6. In the notation

of Assumption 2.1.6, we have, for AdaGrad-Norm,

V(td, f,9,q) = ZO :
\/b2 + [ g(s) ds
Note that this reduces to the discrete stepsize if we plug in g = Gj:
_ n
f)/(tdv f7 Gk(d X ‘)7 Q) -
\/b2 + [ Gr(ds) ds
— n
\/b2 +fo (1{ds§k}$ Yo VX W(Xi; ai, €i+1)||21[i,i+1)(d5)> ds
— n
\/b2 + Iy (1{u§k}di2 S oIV W (X5 ais, €ir1) 1?1041 (u)) du

B Ui
Pt S VA (K a2

)

which is exactly the discrete version of the AdaGrad-Norm stepsize.
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Proposition A.3.18 (Lipschitz). For functions f,g,q such that f(ds) = g(ds) = q(ds) =0
for s > t, the AdaGrad stepsize v is Lipschitz. That is,

(td, f(d x ), g(d x -),q(d x ) = (td, f(d x -),§(d x -),4(d x )| < Ct,)(/lg = §llo0).

Remark A.3.19. This is a stronger condition than the a-pseudo Lipschitz one in Assump-

tion 2.1.6.

Proof. To show this, we look at the derivative of the AdaGrad stepsize function. Setting

F(z) = \/%, we have
n n

Flo) = —1 <
‘ (.’E)‘ 2([)2 +x)3/2 — 2b3
for x € [0,00). We thus have

‘V(tdvf(d X ),g(d X ’)7Q(d X )) _V(tda f(d X )7g(d X )7d(d X ))’

U B n
V5 glds) ds o2+ [ g(ds) ds

‘F (ot as)~r ([ atas) as)

;’? /OOO g(ds) ds — /000 g(ds) ds
/Otg(ds) ds — /Otg(ds) ds

523 (- 1lg = 9lleo)

IN

IN

[\] [\] [\]
w w w

<

< 55 119 = glloo,

where we were able to replace the co with a ¢ because g(ds) = 0 for s > t. We have thus

obtained a Lipschitz constant % depending only on ¢. O
Next we show that the AdaGrad-Norm is bounded.

Proposition A.3.20 (Boundedness). Suppose v is AdaGrad-Norm. Then (2.6), as part of

Assumption 2.1.6, holds.

Proof. This is immediate:

Ui

\/b? + f(f g(s)ds

y(td, f,9,q9) = <

SalBS
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It remains to show that AdaGrad-Norm satisfies (2.5) in Assumption 2.1.6.

Proposition A.3.21 (Concentration). Suppose v is AdaGrad-Norm, with Gy, and Gy, being
defined as before. Then Equation (2.5), as part of Assumption 2.1.6, holds:

E[|7(Gr) = (G| | Fi] < Ca™(1+ || £I1% + llgll%)-

Proof. Looking to remove the square roots, we have

M(Gr) = 7(Gr)| < [V(GR)? = 1(Gr)? 2.

For AdaGrad-Norm, we have
1 1

B+ 5 S IA]2 B2+ & E E[|A]2] F)

1(Gr)* = 7(Gr)?| = n?

k

2
Ui
< [ EA I [ - 18512 (A.43)
j=0

We now bound the sum above. Set F; = ||A;|%/d, Fiﬁ = Projs(Fi), AM; = F; — E[F; | Fi],
and AM? = Ff - E[FZ’B | Fi]. Then |AM?\ € [—25,205], so Azuma’s inequality gives us

42
P(\M§|zt)§2exp —— ! ,
2> i—0(28)?
_ gl+2e de
:8 > 1/2+6 < _ d — -
P(\Mk| >d ) _2exp< 2Td(2d5/2)2) exp( 8T> .
where we set 3 = d¢/2. This is close to the bound we want: the error is

k
My = M| <Y |F — FY| + |E[F; - F | Fi|
=0
We have
B 1A% ey
]P)(Fi—FZ- #O)ZP(’FZ’>6):P T>d s
which superpolynomially small by (A.26). The expectation is similar:

|E[F; — E] | F)l = |E[(F; — F)1qps | Fi

[NIES

1
<E[F — F?|Fz - Ellgpss | Fi

1 1
<AE[|EP|F]? -Elym=p | Fil=.
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The first expectation is bounded by a constant independent of d by (A.26), and the second

expectation is superpolynomially small by the same argument as above. We then have
’Mk: _M,g| S d1/2+6

with overwhelming probability (note that this would be true for any power of d, by the

definition of superpolynomially small.) We thus conclude that
‘ Mk| < d1/2+5

with overwhelming probability. Multiplying by d, we find that

k
SOENAG I 1F] - 1403 < d¥%* w.oup.
7=0

Plugging this back into (A.43), we find that

17(Gr)? = 7(Gr)?| < d2b4d3/2+€

< CdV*te
with overwhelming probability, and so, taking the square root,

7V (G) = ¥(Gr)| < Cd™H* /2 wop,

1/4+e€

which is less than d~ as d grows (we replaced the constant with an extra factor of d*/2.)

Controlling the expectation via the boundedness of v, we find that with § = 1/8,
E[|v(Gr) = v(Gi)| | Fi) <d™° w.op.,
as desired. 0

A.4 Proofs for AdaGrad-Norm analysis

In this section we provide proofs of the propositions related to AdaGrad-Norm in the least
squares setting as well as the more general strongly convex setting. Statements of the

propositions for least squares examples are found in Section 2.4.
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A.4.1 Strongly convex setting

In order to derive the limiting learning rate in this case, we need the following assumption

and some standard definitions of strong convexity.

Assumption A.4.1 (Risk and loss minimizer). Suppose that
X* € argming {R(X) = Eac[f((X, ), (X*, ), ]}
exists and has norm bounded independent of d. Then one has,
(X*,a) € argmin,{f(z, (X", a),€)}, for almost surely a ~ N(0,K) and e.

While at first, this assumption seems quite strong, in fact, in a typical student-teacher setup
when label noise is 0 (i.e., € = 0), where the targets have the same model as the outputs, the
assumption is satisfied. Our goal here is not to be exhaustive, but simply to illustrate that
our framework admits a nontrivial and useful analysis and which gives nontrivial conclusions

for the optimization theory of these problems.

Definition A.4.2 (ﬁ—smoothness of outer function f). A function f : R® — R that is
Ct-smooth (in the first variable) is called ﬁ(f)-smooth if the following quadratic upper bound
holds for any x,2,y,z € R

Py, 2) < f(@,y,2) + (f @y, 2), & — o) + 2805 — a2, (A.44)

Note that if f/ = a%f(a:,y, z) is L(f)-Lipschitz, i.e., |f'(z,y,2) — f'(&,y,2)| < L(f)|z — &|,
then the inequality (A.44) holds with constant L. Suppose z* € argmin,{f(x,y,z)} exists.

An immediate consequence of (A.44) is that

>

1 ! 2 (f) 2
— |z, y,2)|° < flz,y,2) — f(a*,y,2) < —=|z — 27| A.45
2L(f)!f( v 2)|” < flz,y,2) = f(27.y, 2) < =7 | (A.45)
Definition A.4.3 (Restricted Secant Inequality). A function f : R3 — R that is C'-smooth
(in the first variable) satisfies the (u,0)-restricted secant inequality (RSI) if, for any x € R

and z* € argmin,{f(x)},

ple =22, if max{|2*?, |z — 2} <0,

(@ —a*, f'(z)) =

0, otherwise.

If f satisfies the above for 8 = oo, then we say f satisfies the u—RSI.
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Proposition A.4.4. Let the outer function f : R? = R be a f/(f)—smooth function satisfying

the RSI condition with ji(f) with respect to x € R. Suppose X* € argminx{R(X)} exists

bounded, independent of d and Assumption A.4.1 holds and that vo = § = #@H(K)Q
for some ¢ € (0,1), and that fo $)ysds < oo with s as in Table 2.2 (AdaGmd Norm,

general formula), then
2
7Yon

Yoo 2 T oo

1+ 27:2%(0)
Proof. Given the Eq. (A.73) for the distance to optimality, with (z,2*) ~ N(0, %),

2
S 1) = 20 Bl — ¥, /w0 )]+ 2 Te() B [( )

By the RSI (with constant ji(f)) condition on f, we have that

o [(@ —a*, f'(z,2%))] 2 ilf) Eael(x —2*)?) = 20(f) 2 (1), (A.46)

where £ = (X,a) and z* = (X*,a) and we note that = has t-dependence due to the

t-dependence in . By L(f)-smoothness,

N

1 / 2 (f) o IL’* 2
zﬁ(f)(f ()" < =~z —a")%
This implies that
2(£(1f))2 we [ 2)?] < %E (@ — )] = 2(0). (A.47)

Thus by (A.46) and (A.47), we have that

d

G220 < = (4000) ~ AP TR ) 200

Which then yield:

P2(1) < 72(0) - QMﬁ<mn )/% e ds.

Changing variables u = fo s ds, we have that [°2(t)ydt = [ r(u)du = ||r|;.

Rearranging the term in the above equation and taking ¢ — oo. We obtain: |r|; <
_7°%(0)
(28()=(L())?§ Tx(K)v0)’

given that % > 7p. Using Lemma A.4.5, with i(v) =
d



89

I(B( " (v))) = Ea,e [(f'(z,2*)?] instead of the risk

772 n?
v+ 5q Tr(K) 57 i(v Y ITe(K)(L(f))? fo° r(v) do
- n2 _ Ui
=% .1 L()1272(0) b L ITOEWD)
n Ha T G naoe) 0t g 22 0)

where the first inequality is by Eq. A.47, and the last transition is by taking the initial

learning rate to be vy = 2“700) , for ¢ € (0,1). O
& 0= Gy or e € O

Lemma A.4.5. Given v; as in Table 2.2 (AdaGrad-Norm), defining g(u) = ~v(T~1(u)), with

I(t) = [Tveds, th Uk ith i(v) = (BT~ (v))).
)= Jieds, then g(u) = e with i) = (BT (1)

Proof. Taking the square of both sides of the v; equation in Table 2.2 (AdaGrad-Norm),

changing variables to v = I'(¢) and rearranging the terms:

2, iy [Mi0) 4 0
b+ —4 /Og(v)d o) (A.49)

such that i(v) = I(#(I'~!(v))). Taking derivative with respect to u, rearranging terms and
integrating leads to the desired result. O

A.4.2 Least squares setting

To study the effect of the structured covariance matrix and cases in which the problem is
not strongly convex, we will focus on the linear least square problem. In this setting, the
continuum limit of the risk for the AdaGrad-Norm algorithm has the form of a convolutional

integral Volterra equation,
B(t) = F(D(1)) + /0 V2KC(D(#) — T(s))(s) ds (A.50)

where T'(¢ fO s ds with,
of 1 —o),
) & E A D2(0)e 2N, (A.51)

) &f 1 Z A2~ 2Niz, (A.52)
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In the following we consider three cases, a strongly convex risk in which the spectrum of
the eigenvalues is bounded from below (section A.4.2). A case in which the spectrum is not
bounded from below as d — oo, but the number of eigenvalues below some fixed threshold is

o(d) (section A.4.2). Finally, power law spectrum supported on [0, 1] with d — oo (section

A.4.2).

Proofs for case of fized d

Proof of Proposition 2.4.2. Define the composite functions 7(u) = Z(I'"!(u)), and g(u) =

v(T'~Y(u)). Integrating the formula for the risk:

/Otr(u)du:/OtF(u) du+/0t/orl(u) VI (u —T(s))%(s) ds du
:/OtF(u) du+/Ot/oulC(u—:E)r(m)g(az)dxdu
S/OtF(u)dquvo/Otr(x)/:lC(ux)dudx

Taking t — oo, we get
7l < [1F1 4ol Kl el

Using [|K[[1 = [;° K(z) dz < 75 ', and noting that by Eq. (A.52), and Eq. (A.51), we have
that ||[F|1 = $2%(0), and ||K|1 = 55 Tr(K),

IFl 390
L—vlKli  1—33Tr(K)

On the hand following Lemma A.4.8, $2%(0)(1 4+ 3 Tr(K)) < |r[l;. Therefore, |r|l; =<
12%0).

Il <

Next, rewriting the -, equation in Table 2.2 (AdaGrad-Norm for least squares) in terms

of g(u) (Lemma A.4.5), we obtain

g(u) = (A.53)

Taking u — 0o, and using ||r||; < i@2(0),

oo = g(00) = 1 = d . (A.54)

This then completes the proof. ]
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Remark A.4.6. We note that, on the Least square problem I:(f) = n(f) = 1, therefore, the

,r]2
1

bound in Proposition A.4.4 yields )72 (0)

b 11
n 2(1-¢)d

Proof of Proposition 2.4.1. Using the equation for the distance to optimality (Eq. 2.8), we

can derive an equation for the integral of the risk (with no target noise) which we denote by

g(t) = fg%(s) ds:

Tr(K?)
o) = =0 WD) 4o =7 ). (A.55)
For K = I, this equation simplifies,
Tr(K?
9'(8) = ~23 () + % O g ), (A.56)

Plugging in the equation for the AdaGrad-Norm learning rate (Table 2.2) leads to the desired
result. We note that by using the equation for the learning rate, one can also derive a close

equation for the learning rate itself. O

Vanishingly few eigenvalues near 0 as d — oo

We now consider the case where, as d — oo, there are eigenvalues of K arbitrarily close to 0.
In Proposition 2.4.2 we saw a constant lower bound on -; when d is fixed (and thus there are
finitely many eigenvalues within any fixed distance of 0). This can be extended to the case
where we have some C > 0 such that the number of eigenvalues of K below C is o(d) (see

Proposition 2.4.3).

Proof of Proposition 2.4.5. Following the structure of the loss, after some time the risk starts
to decrease, and therefore Z(t) < Ry for and t > 0. Using these observations, we obtain a
preliminary lower bound of v; > C1t~/2 (for t > 0), which enables us to deduce that Z(t) is
integrable and finally obtain a constant lower bound for ~;. The details of this are below.

For ¢t > 0 and some C7 > 0,

Ui > n

Ve = > > Oyt Y2, (A.57)
VU + 2Te(K) 1 B(s)ds /b + 3 Te(K) Rot

Next, to show that the risk is integrable, we divide the matrix K into two parts K, and

K_, such that the eigenvalues of K are greater than some as > 0 and the eigenvalues of
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K_ are smaller than o where ay is a decreasing function of s to be determined later. We

then have that, following Eq. (2.8), and the definition of the risk 2(t) = o Zle NP1,
1 f R L
(1) = #(0) -+ Z / s+ / V2 Te(K?) - 2(s)ds (A.58)

< Z%(0) — /0 vs(205 — Vs Tr(K2)) - H(s)ds + 2/0 vsH2(s) ds

with %s(s) = 55 D<o XiZ2(s). Next, choosing as = 7,5 Tr(K?), we show that the last
term is of order oq(1). By Lemma A.4.7 Vi, 22(t) < max (v, Z(t1), 2?(0)) = co where the
bound ¢y comes from the assumption (X*,w;) = O(d~/?) and the initialization Xy = 0.

Therefore,

t t
2/0 VsH2(s)ds < ETI‘(K )e 0/0 vsNs ds. (A.59)

where Ng = 25:1 1>\i§fyS§Tr(K2)' This implies that, if 7sNs = o(d), then 2 fg VsH2(s)ds =
04(1), provided that d is taken to be large before ¢.

We then have that up to o4(1) constant,
A(t) < 2(0) — %Tr(Kz) /0 "2 B(s)ds. (A.60)
Using Gronwall’s inequality,
R(t) < Z(0)e~ 1 TED 573 ds < gp(0)e—a TECE (A.61)

where in the last transition we used the lower bound on the learning rate derived in Eq.

(A.57). Thus, the risk is integrable, i.e. there is some C3 such that

%(0)
/ H(s)ds < 1Tr(K2)C2

for all ¢ > 0. Finally, we plug this into the formula for «; and conclude that, for all £ > 0,

W > ! . (A.62)
b2 L Te(K)2(0)
L Tr(K?)C3

O]

Lemma A.4.7. Assume that the risk is bounded and attains its mazimum at time t1. Then,

for each i, we have 22 (t) < max(y, Z(t1), 2*(0)) for all t > 0.
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Proof. Case 1: Suppose that 22(0) < v%(0). Then, by equation (2.8), %@f(O) > 0.
However, since 22(t), Z(t) are continuous, this equation implies that 22(t) < 12(t) for all
t and thus 22(t) < v, % (t1) for all t.

Case 2: Suppose that 22(0) > 4%(0). Then, by equation (2.8), $22(0) < 0. If
%@f(i) < 0 for all ¢, then Z2(t) < 22(0) for all ¢. If at some point %@3@) > 0, this implies
PD2(t) < vZ(t) and we are in Case 1. O

In the next section, we consider cases in which the risk is not integrable, an example of
such case is when the spectrum of K is supported on the interval [0, 1] or has power-law

behavior near 0.

Power law behavior at d — oo

Non-asymptotic bound for the Convolutional Volterra In this section, we use the
convolutional Volterra structure of the risk (Eq. (A.50)) to derive non-asymptotic bounds on
the risk, which will be useful in Section A.4.2 to derive the asymptotic behavior of the risk
and the learning rate under power law assumption on the spectrum of the covariance matrix

and the discrepancy from the target at initialization.

Lemma A.4.8. Let I'(t) := fg vsds and let
(0 = FO@) + [ 200 - 0()50(5) ds
where v, KC are monotonically decreasing, with ||KC||1 < oo. Then all t,
() > P + [ 2KD(E) — T() F(D(s)) ds
If in addition, there exist € > 0 and T > 0 such that, for allt > T,
/Oth(s)lC(t —5)ds <21+ ¢)|IK|1K(t) and 2||K||1(1+€)y <1
then for all t

Rt

~—

< F(T(t) + C/O VIC(T(t) — I(s))F(I(s)) ds

B K(0) 1
¢= (’C(T)(26 +1) " 2) 1= 29(0)[|KCl[1 (1 +¢€)
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Proof. The lower bound holds trivially, using Z(s) > F(I'(s)). For the upper bound, we

start with the following change of variables:

with g(u) = Yr-1(u)- Let us define the convolution map

T
G(f)(T) = K * (gf)(T) = /0 K(T — w)g(u)f (u) du.

Next we show that this map is contracting and in particular,
G() = GG(NNO = [ Kt 61 (e)als) s (463
= [t [ K5 = w)0) dug(s) s
_ /Ot </: Kt — $)K(s — u)g(s) ds> g(u) f (u) du

< / K2t — u)g(u)? £ (u) du

0

where the third transition is since v < s < t. The last transition is by change of variables
and the assumption that +; is a monotone decreasing function. Consecutive application of

the convolution map will then yield by induction,

G (f)t) < / KO (¢ — w)g(u) f(u) du.

0

Therefore, expanding the loss and using the above upper bound, and denote by ¢ = 2(1 +
e)|I|l1yo such that ¢ < 1,

Z(t) = F(t) + i ¢’ (F)(t) (A.64)

<SFl)+) /O K9 (t — u)g(u)) F(u) du
j=1

) t
<P+ [ Y@k +e)y —1] ¢ / K(t — w)g(u)F () du
=0 0
<P+ ~C1(K = (F)() (A.65)
where the third transition is by Lemma A.4.9, with C = % + 1, which then completes

the proof. 0
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Lemma A.4.9 (Lemma IV.4.7 in [7]). Suppose K is monotonically decreasing, with ||K|j1 <
00, and that there exists T > 0 such that vVt > T, and € > 0,

/ K(s)K(t —s)ds < 2(1 + ¢)||K|[1K(¢). (A.66)
Then,
sup ,C,ng) < K[ (1 +e)™ ! <IC(T])C((2?+1) + 1) (A.67)

Proof. Define a;,, = sup;> %}Cﬁf))”l’ trivially oy = 1. Consider the n + 1 convolution,

(1) 1 / KR 1) 4, (A.68)
0

K®)2IK) ~ K@) PIISIDE

By the assumption of the Lemma, we know that there exists some 1" > 0 such that for Vi > T

K(s)K(t — s)
/ 2HICH1 < (14 OK(L). (A.69)
Therefore, if t > T', we have
1 PR (s)K*(t — s)
ol <2|ucu o 8 (A.70)

/ K(s)K(t —s) K (t — s)

< (1
2chul K( — sk )t &< ot o

On the other hand, if t < T,

L PR —s) KO K0l K(©)
/c<t>/o @Kl ¢S k@) @K = K2

(A.71)

Taking supremum in Eq. (A.68), and combining the results of Eq. (A.71), and Eq. (A.70),

we obtain that,

K(0)
Oé+1_IC(T)2n+Ck ( +€)
Solving the above recursion equation,
KO) §= 1 : L KO0) 11—t .
n < 1 1 = 1 n
= KT ,;0 (et 4 (14 KTt 1-20+¢ T01Y

n— K(0)
S(l‘l‘tf) 1(’@)(26—}—1)—}_1)’

rearranging the terms we arrived at the required result. O
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Asymptotic analysis of the risk Here, we consider a family of models with d — oo, for

which the following power law asymptotics assumption is satisfied:
Assumption A.4.10. F(z) <z~ and K(z) < 27" for x > 1 with k1 >0, k2 > 1

Corollary A.4.11 apply Lemma A.4.8 in the setting for which F', and K has a power
law behavior asymptotically. It shows that the risk will then be dominated by F' only.
Corollary A.4.12 shows the behavior of the learning rate in this setting. Finally, Lemma
A.4.13 shows that Assumption A.4.10 is a consequence of a power law spectrum near zero
on the eigenvalues of the covariance matrix and a power law assumption on the projected

discrepancy at initialization.
Corollary A.4.11. Suppose Assumption A.4.10 is satisfied, then Z(t) < F(T'(t)).

Proof. Define g(u) = yp-1(,) and r(u) = Z(I'"!(u)) and observe that g(u) is a decreasing

function. Then, from the upper bound in Lemma A.4.8, we have

r(u) < F(u)+C /Oug(v)lC(u —v)F(v)dv
/2 u

u/2

< F(u) + C1g9(0) ((Z)—@ /Om Fo)du+ (g)m /;2 K —v) dv) (A.72)

< F(u) + Co(u™"2 1m0 g™ K|

=F(u)+C (/Ou g(v)K(u —v)F(v)dv + g(v)K(u —v)F(v) dv)

= O(F(u)).
Combining this upper bound with the lower bound from Lemma A.4.8 and that ko > 1, we

conclude that r(u) < F(u) and Z(t) < F(I'(t)). O

Next, we derive the asymptotics of v;. There are three different cases, depending on
whether the risk is integrable, which translates to a threshold with respect to the parameter

K1.

Corollary A.4.12. Suppose Assumption A.4.10 then the following asymptotics for the

learning rate hold:
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e For k1 > 1, there exists 4 such that v > % and Z(t) < t~" for all t > 0.
o Forry <1,y <t~ (=r)/C=r1) gnd 22(t) < £ for allt > 1.

o Forry =1, = and Z(t) < 1 for allt > 1.

log(i—&-l) <log(t-ﬁ-l )

Proof. Using the notations g(u) and r(u) defined above along with the change of variable

u = T'(t), we get fO s)ds = [ ;Ev; dv. Combining this with Corollary A.4.11 and the

formula for v; we get

g(u) <

n
VIR 2T fy g

Let I(u) = b* + 2Tr(K) [ H;Z))H dv and observe that g(u) = Il(u) and I'(u)
%TY(K)(IJ%)L;M. Thus, I(u) satisfies /I(()) = (1 +u)™" so we have

VI(u) —+/I1(0) < /Ou(l +v) """ do.

In the case of 1 > 1, this implies \/T(u) < 1/I(0) + C [(1 +v)™"* dv. This upper bound
on I(u) gives a corresponding lower bound on g(u) and thus a lower bound on ;.

In the case of k1 < 1, we have \/7 \/7 (1 +v)!=" so, for u sufficiently large,
g(u) < (1 + )"~ To recover the asymptotic for v;, we observe that @F_ (u) = @ =
(1+u)! %1, Integrating both sides and changing back to ¢ variables, we get t < (1+1T'(t))2~%
(or equivalently 1 4 I'(t) < ¢'/(2%1)). Finally, plugging this into the formula for ~, and
applying Corollary A.4.11, we get

= L < (14 1)),
VB2 + 2TH(K) i F(D(s)) ds

In the case of k1 = 1, we follow a similar procedure as for k1 < 1 to show that

t < I'(t)log(I'(t)) for sufficiently large t. This implies I'(t) =< ¢/log(t) which gives the
desired result after integration. The decay rate of the risk is then immediate using Corollary

A4.11. O

Lemma A.4.13. Let K have a spectrum that converges as d — oo to the power law measure

-8
p(\) = CA_ﬂl(O,,\ with C~1 = )fi—aﬁx for some 8 < 1, and Apmax > 0, and suppose that

max) )
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22(0) ~ A0, then F(t) < t™, and K(t) < t "2, with k1 =2 — 5 — 8, and ke =3 — 3. In
addition, IC(t) < t7"2, satisfies Eq. (A.66).

Proof. Following the definition in Eq. (A.52), and Eq. (A.51)

1— /8 Amax

F(x) = AB=0 =22z )
oL
_ 1— ﬁ /2)\maxl' yl—ﬁﬂSe*y dy _ 1-— ﬁ 7(2 — /8 — 5, 2)\max$) '
2N ina (22) 2700 Amax23 -0 z2=A=0

Similarly for /C,

1— 3 [Amex 3— 5,2\

K(z) = - g A2 B2 g\ — — -8 A Bg ﬁmaxx)

)\max )\max23 ﬁ T

with (s, z) = [; #"'e " d is the incomplete gamma function. For large z, v(s, z) < I'(s),

the complete gamma function. We therefore obtain k1 =2 — 8 — 9§, and ko = 3 — 3. Next,

we show that IC(x) =< 272 satisfies Eq. (A.66),

//c K- sds< [ K@K —syds+ [ K@K — 5) ds

0 t/2
< K(t/2) ( t/QIC(s) ds + /t K(t — s) ds) < 2KC(¢/2)|IK|h
0 t/2

by the power-law assumption for ¢t > T', (¢/2) =< KC(¢) which then complete the proof. [

Proof of Proposition 2.4.4. The proof is an immediate application of Corollary A.4.12 with,
K1 =2 — 8 — ¢ as implied by Lemma A.4.13. O

Remark A.4.14. This includes the case = 0, which is the uniform measure on [0, Amax]-
A.5 Polyak Stepsize

The distance to optimality of SGD is measured say by D?(X) = || X — X*||%. Let us consider
the deterministic equivalent for the distance to optimality 22(t) in (2.11). Fixing 7' > 0 and
any € € (0,1/2), we have by Theorem 2.2.1 (see also corollary A.2.5 which show concentration
for large class of statistics) that supg<i<p || X|1q) — X*||* — 2%(t)] < d™°, w.o.p. In this
way, if we want to guarantee that the distance to optimality of SGD decreases, we need

d2?%(t) < 0 with the maximum decrease being min,, d2?%(t).
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As it turns out, the evolution of 22 is particular simple, as it solves the differential

equation (derived from the ODE in (2.9))

, A(B) = Eq[(z — x¥, f'(xz @ ")),
9 92(0) = —23a@(0) + LTUVBW). { 1(8) =By w02, where

(x @ x*) ~ N(0,A).
(A.73)
The distance to optimality threshold, ’_yt@ , occurs precisely when d2? < 0. This choice of ~y
makes the ODE for the distance to optimality stable. By translating the relevant deterministic

quantities in ”yt@ back to SGD quantities, we get

al def i 20Xk = X, VR(X)) with the deterministic equiv. 77 = Tf;?(ﬂ
B By o[ f (X, a); (X*, a), €)2] ) 1((t))
(A.74)

A greedy learning rate that maximizes the decrease at each iteration is simply given by

gf olyak o argmin d2?2(t). This has a closed form and we call this Polyak stepsize?. Again

translating this back to SGD, we have

Polyak 1

. Polyak 1-9
Polyak learning rate g, =3 Yt =257

@k@ and deterministic equivalent -y, =3
(A.75)
In this context, the Polyak learning rate is impractical because we do not known X*. In
spite of this, we can learn some things about this learning rate as it is the natural extension
of Polyak learning rate to SGD.
The quantities A(#) and () in (A.74) and (A.75) only depend on the low-dimensional
function f and thus do not carry any covariance K or d dependence. Moreover, under
additional assumptions on the function such as (strong) convexity, we can bound from below

A(RB)/1(A). Thus, in terms covariance K and d, the Polyak stepsize gEOlyak = m =
1
avg. eig of K~

In the case of least squares (see (2.7)), we get

2R(Xy) — w? 1
Polyak k : Polyak __
i = SR Tz( % X0 and on a noiseless least squares, g, = Trgl K-

2This is the idea of Polyak stepsize when the problem is deterministic.
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"""" SGD = \
_1 — theory < &0 1R
Qw L limit g ;5 1 =
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Figure A.1: Convergence in Exact Line Search on a noiseless least squares problem.

The plot on the left illustrates the convergence of the risk function, while the center and

[
right plots depict the convergence of the quotient ;ijgg and the learning rate -, respectively.

Further details and formulas for the limiting behavior can be found in the Appendix A.6.2.

See Appendix A.8 for simulation details.

The latter gives the best fixed learning rate for a noiseless target on a LS problem (as noted

in [57, 71]).
A.6 Line Search

A.6.1 General Line Search

Naturally, one can ask a similar question as in Polyak in the context of line search (i.e.,
decreasing risk at each iteration of SGD). First, by the structure of the risk (Assumption 2.1.3
and 2.1.4),

IVR(X)|? = m(WTK*W) and Tr(V*R(X)K) = v(K). (A.76)

Therefore using (2.9), we have that the deterministic equivalent for |[VR(X)|? is . (t) =
%Zle m(7(t)A?). In this case, the deterministic equivalent for the risk % satisfies the
following ODE

A% = —y l (t) dt + 7dtQv(.r<).r(93(t)). (A.77)

From this, we get an immediate learning rate (stability) threshold for the risk, that is, @'ZZ is
the largest learning rate for which SGD is guaranteed to decrease at each iteration, i.e., when

the deterministic equivalent of Z satisfies d%Z < 0 or equivalently after translating relevant
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terms into SGD quantities

7 R X 2 7 t
risk threshold gf]f = Tr(KVZUe(VX )() i)l and deterministic equiv f‘ytj = U(K)L()
TEVRX) 1w KWy =7 1(#())
(A.78)

The greediest approach, which we call exact line search, would choose the learning rate such

that yj"® € arg min, dZ. In this case, we get

glkme = %g,of and deterministic equiv 11¢ = %’yt%) .

A.6.2 Line Search on least squares

In this section, we provide a proof of Proposition 2.3.1, but, we show more than this including

the exact limiting value for ~;.

Proposition A.6.1. Consider the noiseless (w = 0) least squares problem (2.7) . Then the

learning rate is always lower bounded by

)‘min (K)

2 Tr(K?)

< V%ine for all t > 0.

Moreover, suppose K has only two distinct eigenvalues \y > A2 > 0, i.e., K has d/2

eigenvalues equal to \1 eigenvalues and d/2 eigenvalues equal to Ag. In this context, the exact

limiting value of Y\ is given by

. 2 (A2 + \2
lim e = 2QEE A7) (A.79)
k—o00 ()\1 + /\21,‘) ()\1 + /\2)

where x s the positive real root of the second-degree polynomial

P(x) = Mda(z + 1) (haz — A1) + (A2 — A1)’z (A.80)
This leads to
Amin(K) < : line < 2>\min(K)
éTr(KZ) - tlirgo M - éTr(K2) (A81)

Proof. We establish the inequality

Amin (K>

i) < Aline o all ¢ >0
TTe(K2) — =
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by observing

y Z A2 22(t) > 22Amin (K 2 ZA Z2(t) = 22 min(K)Z(1).
=1

Now let us consider K ~ %)\1 + %)\2 for A1 > Ay > 0.
We define 2, (t) & Zi:/\ 22(t). Utilizing the ODEs in (2.9), we derive

d
SONE) = —20AD\ () + 2970 x [{A = MHL| x 21

for each distinct eigenvalue A of K. Here ‘{)\ = )\i}?zl} is the number of eigenvalues of K
that are equal to A. It immediately follows by our construction of K that ‘{)\ = )\i}f:1| = %.
Thus, we establish the following system of ODEs

%gh(t) = 2%\ D, () + dVENMZ(L) (A.82)

L Do) = ~290 D, (1) + dYPAR (1)

line __ 2()‘%@/\ (t)"‘)‘%@/\ (t))
where Z2(t) = 35 (M P (£) + AP, (£)) and 7™ = ()q@xl(t)-l—l)\z@,\Q(t))E)\%-i—)\g)'

Since @)\2( ) > 0 and Ay > Ao > 0, we infer that %(t) = 2id ()\1.@)\1 (t) + )\2@)\2 (t)) >

%A1, (t) > 0. The structure of the exact line search algorithm ensures lim;_,o, Z(t) = 0,
hence lim;_, P, (t) = 0. Similarly, we deduce lim;_,oc Z,(t) = 0.

By applying L’'Hopital’s rule and substituting the expressions for 4/¢ and Z(t) in terms
of 9, (t) and 2, (t), we derive

. Dy, (t . day,(t
tllglo Dy, 8 - tliglo d@/\lg ;

T2 P, (1) + dy (1)
100 =27 A1 Do, () + dy MR (t)
)
)

— lim —2)\2 .@)\2( + d’)/t)q%( )
t=00 —2A1 Dy, (t) + dye M Z(t)
MO0 + a0 (0 - 2)
— 11m
70y A2 gy (1) + M D, (E) (%% - 2)
= i 2u D22 + Dy, ()P0, () (N5 + NEAS = 200X9) + Dy, (1) (A3 — 20PN
t=00 P, (1)2(=A1 = 20]A3) + Do, (1) Doy (1) (= AP A2 + MIA3 = 20103) + D, (1)2 M0 03
I, (1)

%0
) F2E (=AM + AN - 208) + (hmt_m 22 ()) (—A — 2)222)

NO) : Py () )2 '
(— )\4—2/\2)\2)+11mt_>oo@ 2 (— A + AN — 20 M) + <hmHoo %) A3
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G
Therefore, lim; .o, % is the positive real root of the second-degree polynomial
1

P(x) = Moz + 1) Aoz — A1) + (A2 — A1)z, (A.83)

Solving for x > 0, we derive the explicit formula

lim Do (?)
t—o0 .@)\1 (t)
_ AP — 20200 + 200 A% — A3+ /AT — AN + 8AIAZ — 6AIAS + 8AZAT — AN NS + AS
2X1A3 '
(A.84)
Given
2 2P, (1)
e 2 (9, (1) + X393, (1) 2 (A + 87:)
KW NaTh () W2+ A2) 75,0 ’ (A.85)
M2 (0 + 220 0) A +25) - (0 + 272G ) (B +23)
1
we have
. 9.
‘ ) 2 (/\% + )\% limy 00 @/\2 Eg)
lim ~}ne = & (A.86)
t—o0 ¢ )\ )\ 1 @/\2 (t) )\2 )\2 ) '
1+ A2 im0 Z2¥0) ( 1+ 2)
By substituting (A.84), we get
: line
Jin

N 208 + 20003 + A — /AT — AXDg + SATAZ — GATAT + 8ATAS — 4] + A9
(A2 +A3)°

(A.87)

A direct calculation reveals that Ay > Ao > 0 implies lim; oo %leine < ?%‘72‘}(12()) O
d

Remark A.6.2. For the scenario where K has an arbitrary number n of distinct eigenvalues,

equation (2.13) remains valid. The proof parallels the one outlined above. However, in this

case, the expression for limg_.oo g s given by

n (A3 + Ny + -+ Mxp)

o8 = : A.88
k—>oog ()\1+/\2x1+...)\nxn_1)()\%4_..._1_)\721) ( )
where x1,...,x,—1 > 0 satisfy a more intricate coupled system of n — 1 equations.

A.7 Examples

Any single index model with a-pseudo Lipschitz (o < 1) activation function is covered by
our SGD-+AL theory. In this section, we provide key learning problems within this family of

models.
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A.7.1 Binary logistic regression

We consider a binary logistic regression problem with ¢ = 0 where we are trying to classify
two classes. We will follow a Student-Teacher model, in which there exists a true vector X*

eXp(<X*’a>)1. or 1 —y. In order

to be the true direction such that possible labels are, y = (X a1

to classify the data we minimize the KL-divergence between the label y and our estimate
defined by the above formula,

exp((X*, a))
exp((X*,a)) +1

R(X) = E, [— (X,a) - + log (exp((X, a)) +1) |. (A.89)

To study the ODE dynamics of SGD in Eq. (2.9) one needs the deterministic risk h(B), and
I(B) = E.[f'((X,a), (X*,a))?], with B=WTKW. Following the computation in Appendix
D example D.4 in [21] we obtain that
col/Bo ]
(1 + exp(\/ Bos - Z))2

where z,w ~ N(0,1). The I function can also be computed explicitly by solving the following

+ Eq [log(exp(wy/Bi1) + 1)], (A.90)

h(B) = —By E, [

Gaussian integral, where we define g(x) def lj_};i(p%)
T
1 1(x T
I(B) = —— xr) — 2 ex <— B! ) dz dy. (A.91)
(B) = oy o ) — ot e (5 y ] ) aras

We note that, the logistic regression is (u, #)-RSI with p = J \1/@ see section 2.2 in [21].
e

Its Lipschitz constant is L(f) = 1. Using Proposition A.4.4 one can derive a lower bound on
the limiting learning of AdaGrad Norm.

For more details and more examples, see [21].

A.7.2 CIFAR 5m

Finally, we include an example that uses real-world data, that is, the CIFAR 5m dataset [65].
Our theory does not explicitly deal with non-Gaussian distributions, but we find that the
theoretical risk curves generalize cleanly to that case.

As we are now working with discrete data points rather than a distribution, the learning

setup, while closely analogous to what was presented earlier, has some slight differences.


https://github.com/preetum/cifar5m
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We start with a subset of the data consisting of n grayscale images, each of which is
32 x 32 pixels, that is, 4 € R?*1024 We fill a vector b € R" with the corresponding labels
(0 for an image of a plane, 1 for an image of a car.) We then randomly choose a matrix
W € R1024%d with i.i.d. Gaussian entries to generate the features F' = relu(AW). We want

to use least squares to predict the label from the features, i.e., find

. 1 1 &
arg min x cpd {R(X) =5 IFX —b|* = o Z (fi X — bi)Q} ; (A.92)
i=1

where f; is the ith row of F'. The SGD we now consider is
Xk+1 = ch — Yk (fik+1 X = bik+1) fik+17 {Zk} iid Unif({l, 27 U ,n}), (A,QS)

where 7, is the usual AdaGrad-Norm stepsize, as in (A.1). Our empirical covariance matrix

K (remembering that f; is a row vector) is then
1
T T
K = Eic[n) jen) [fi fg} = I (A.94)

We now use (A.50), with the AdaGrad-Norm stepsize, to numerically simulate the SGD loss,

which we then compare to the actual loss. Our theory matches empirical results very closely.

A.8 Numerical simulation details

Here we provide more details for the figures that appear in the main paper.

Figure 2.1: Concentration learning rate and risk for AdaGrad-Norm on a least
squares problem with label noise w = 1 (left) and on a logistic regression problem with no
label noise (right). For logistic, see Section A.7. 30 runs of AdaGrad-Norm with parameters
b=1and n =1 for each d; X* ~ N(0,1;/d), Xo = 0, and K = I;. The shaded region
represents a 90% confidence interval for the SGD runs. As the dimension increases, the risk
and stepsize both concentrate around a deterministic limit (red). The deterministic limit is
described by an ODE in Theorem 2.2.1. The initial loss increase in the least squares problem
suggesting that the learning rate was initially too high, but AdaGrad-Norm naturally adapts

and still the loss converges. Our ODEs predict this behavior.
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Figure A.2: Predicting the training dynamics on a real dataset, CIFAR-5m [65],
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Empirical Risk

using multi-pass AdaGrad-Norm. This suggests the theory extends beyond Gaussian data
and one-pass. Note that the curves look significantly different for different n; smaller values
of n lead to an overparametrized problem, allowing least squares to memorize datapoints,
whereas for larger n, least squares must learn a general function mapping images of cars and

airplanes to their respective labels.

Figure 2.2: Comparison for Exact Line Search and Polyak Stepsize on a noiseless

least squares problem. The left plot illustrates the convergence of the risk function, while the

right plot depicts the convergence of the quotient ~;/ 1% for Polyak stepsize and exact
d

line search. Both ODE theory and SGD results are presented, showing a close agreement
between the two approaches. The covariance matrix K is generated such that the eigenvalues

.o\ —1/s
follow the expression \;(K) = ﬁ . (#) , 1 =1,...,d, where s > 2
Sini ()

is a constant. As s approaches 2, the spectrum becomes more spread out, resulting in

larger values of é Tr(K?). Larger values of s correspond to smaller spreads in the spectrum.

Additionally, Tr(K)/d = 1 for all s. Both plots highlight the implication of equation (2.13)

in high-dimensional settings, where a broader spectrum of K results in i‘m‘“(K) < 7 LI
ETI‘(Kz) ETI‘(K)

indicating slower risk convergence and poorer performance of exact line search (unmarked) as

it deviates from the Polyak stepsize (circle markers). The gray shaded region demonstrates

that equation (2.13) is satisfied.
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Figure 2.3: Quantities effecting AdaGrad-Norm learning rate. (left): The effect
of adding noise to the targets (w = 1.0) to the risk (left axis) and learning rate (right
axis). Ran AdaGrad-Norm(b = 1.0, = 2.5) on least squares problem with d = 500. X,
X* ~N(0,1;/d). A single run of the SGD (solid line purple) matches exactly the prediction
(ODE, teal). The shaded region represents 10 runs of SGD with 90% confidence interval. The

learning rate
asymptotic

n

—— S0 it
02T By

learning rate decays at the exact predicted rate of . Depicted is
approaches 1. (center, right): Noiseless least squares setting (w = 0). (center): Prop. 2.4.2
predicts the avg. eig of K (Tr(K)/d) as compared with Apax effects the limy_, oo gx. Indeed,
this is true. We varied the £ = Apax/Amin While keeping the Tr(K')/d and all other parameters
fixed. All the learning rates behave identically verifying our theory about the effect of Tr(K)/d
on learning rates. (right): Varying the learning rate of AdaGrad norm by || Xy — X*||?; our
predictions (dashed) match and we see the inverse relationship predicted by Prop. 2.4.2. See

Appendix A.4 for details. Additionally, we did the following.

e Center plot: AdaGrad with b = 0.5, n = 2.5 is run on the least squares problem with
d = 1000 and Xg, X* ~ ﬁj\/(o, I). The covariance matrix K is generated so that the

eigenvalues are

. —1/s
N (K) = d ! > L oi=1,...,d.

5~d ( ; >—2/8'<d+1

i=1 \ d+1

The constant s > 2. When s is near 2, the spectrum is more spread out, i.e., Kk = f\‘r“;ﬁ
is large. Larger values of s mean smaller the spreads. Moreover Tr(K)/d = 1 for all
s. In the simulations, we used s € {2.1,3.0,3.5,4.0,5.5} and recorded the condition

number x.

e Right plot: Ran AdaGrad with b = 0.5, n = 2.5 on the least squares problem with
d = 1000. X* = 0 and Xy ~ \/gN(O,I) where p € {1,2,4,8,16}. In this way,
1 X0 — X*||* = p.

Figure 2.4: Power law covariance in AdaGrad Norm on a least squares problem.

Generated covariance K such that the density of eigenvalues are (1 — f)A~# where 5 = 0.2
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and set Xo = 0. Choose (X})L, = (A;6/2)§l:1 where \; is the i-th eigenvalue of K and we

vary d € (0,1.8) so that 0 < 6 + 8 < 2. Setting of Prop. 2.4.4.

Figure A.1: Convergence in Exact Line Search on a noiseless least squares problem.

The plot on the left illustrates the convergence of the risk function, while the center and

(t)

B
right plots depict the convergence of the quotient éij( o and the learning rate ~;, respectively.

Predictions from ODE theory are compared with results obtained from SGD, demonstrating
close agreement between the two approaches. Initialization was performed randomly, with
Xo ~N(0,14/d) and X* ~ ﬁl, where d = 400. The covariance matrix K has two distinct
eigenvalues \; = 1 > Ao > 0, and was constructed by specifying the spectrum, with );
sampled from a discrete uniform distribution U{1, Ao} for i = 1,...,d = 400, and setting
K = diag(X; : ¢ =1,...,400). Further details and formulas for the limiting behavior can be

found in the Appendix A.6.2.

Figure A.2 Convergence on CIFAR 5m [65]. We train a classifier to distinguish
between images of airplanes and cars. Fix d = 2000. Then for multiple values of n, we run
AdaGrad-Norm with initialization Xy = 0, b = 0.1 and n = 5, randomly sampling a datapoint

from F' at every step. Details of the setup can be found in Appendix A.7.2.
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Appendix B
APPENDIX FOR CHAPTER 3

Outline of the paper. The remainder of the article is structured as follows:

1. Appendix B.1 collects notation and auxiliary tools used throughout the proofs. It fixes
our conventions for complex-valued tensor products, coordinate contractions, and tensor
norms; records derivative computations for the special functions ¢, ¥, and S appearing
in the proof of Theorem 3.3.7; and recalls the concentration and pseudo-Lipschitz

estimates used in the probabilistic arguments.

2. Appendix B.2 develops the main dynamical argument. It introduces the partial integro-
differential equation (B.6) and the notion of approximate solutions, proves a stability
principle for these solutions, and applies it to the resolvent statistic S along SGD and
homogenized SGD. This yields Theorem B.2.7; the result is then transferred to general

statistics satisfying Assumption 3.3.6, yielding Theorem B.2.9 and its corollaries.

3. Appendix B.3 proves that the resolvent statistics t + S(z|4q,-) and t = S(Xy,"),
associated respectively with SGD and homogenized SGD (3.14), are approximate
solutions of the partial integro-differential equation (B.6). The proof uses Doob/It6
decompositions, a net argument over the fixed contour, and martingale and Taylor-error

bounds.

4. Appendix B.4 studies the homogenized SDE in the isotropic squared-parameterization
setting. It introduces an empirical entropy adapted to the coordinatewise dynamics,
proves an exact entropy SDE and barrier estimates, and uses an exponential super-
martingale argument to obtain high-probability global existence and exponential decay
of the risk. The section also records consequences such as risk integrability and uniform

separation from the saddle.
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5. Appendix B.5 presents key examples illustrating our concentration risk framework.

6. Appendix B.6 provides additional details on the numerical simulations used to produce

the figures in the main text.
B.1 Notation and Preliminaries

This appendix collects notation and auxiliary facts used throughout the proofs. We first
fix basic notation and conventions for tensor products, coordinate contractions, and tensor
norms for complex-valued tensors. We then record derivative identities for ¢, ¥, and S,
which are used in the derivation of the limiting dynamics. Finally, we recall the concentration

and pseudo-Lipschitz estimates needed for the probabilistic bounds.

Basic notation. Throughout the paper, e; denotes the i-th canonical coordinate vector,
with its dimension inferred from context. Additionally, the matrix Fj; is defined as the outer
T

product e; - e -

For x = (u,v), recall that each coordinate of the inner function 1 is given by

qi1 412
where Q = € R?*? is symmetric, [ = (I1,13)" € R?, and ¢ € R.

qi2 422
Equivalently, we have

Yi(u,v) = qnu? + 2g12u;v; + QZ2U¢2 + Liu; + lav; +c.

B.1.1 Tensor Products and Contractions

We briefly fix the tensor-contraction conventions used throughout the proofs. The optimization
variables are real, but several quantities, such as S(z, z), are complex-valued because of the
spectral parameter z. Consequently, we will use complex-valued tensors whose derivative

directions are indexed by real coordinate spaces such as R%.
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We order tensor indices so that derivative or ambient coordinates appear first, and

observable coordinates appear last. For example, since S(x,z) € C>*3, we identify
vus(x’ Z) c (CdX3><3 ~ (Cd ® C3><3’

where the first index corresponds to the derivative with respect to wu.
We use (-, -)ga to denote contraction over the indicated d-dimensional coordinate. This
contraction is bilinear and is defined by summing over the contracted coordinate, with no

Complex Conjugation. Thus, lf
d d
A c (C Xmi1 X ka7 B c (C Xni X Xng,

then the expression

<A’ B>R(i c leX---kaan X XNy
is defined by

d
(<A= B>Rd)a1,,,,,ak7517,,,,,3l = Z Ai,oq,---,%Bi,ﬁl,mﬁe‘
=1

In words, the contracted axes are summed over, and the uncontracted axes of the first tensor
are listed before the uncontracted axes of the second tensor.
For instance, if
VuS(z, z) € CP3x3, V.R(z) € RY,
then the matrix

(VuS(2,2), VuR(z))ga € C**3

has entries

d
[(VuS(x,2), VuR(2))ga) y = D Ou, Sab(, 2) Oy, R().

=1

Similarly, if
ViS(w, Z) c Cdxdx3><37 M e Rdxd’

then contraction over the two derivative coordinates gives

(V2S(x,2), M)gaxa € C33,
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with entries

d
(V2S(2,2), MYgaxa] = D Ou;0u; Sap(, 2) M.
i,j=1

We reserve the unsubscripted notation (-,-) for the full Hilbert—Schmidt tensor inner

product. Thus, for complex matrices or tensors of the same shape,
(Av B> = ZTaBon
(0%
where « ranges over all tensor indices. In particular, for matrices,
(A, B) = Tr(A*B),

—T . . . .
where A* = A denotes the conjugate transpose. The corresponding unsubscripted norm is

[A]] = (A, A).

In contrast, a subscript on the bracket indicates a partial contraction over the specified
coordinate space. For example, (A, B)pa denotes contraction over the R? coordinate. These
partial contractions are bilinear coordinate contractions used in derivative and generator
computations, and no complex conjugation is applied unless explicitly stated. Thus (-, )ga

should be read as a contraction label, not as a Hermitian inner product on C.

B.1.2 Norms on Tensors

We now define the tensor norms used throughout the paper. Unless otherwise specified,
| - || denotes the Hilbert-space norm: the Euclidean norm for vectors and the Hilbert—
Schmidt/Frobenius norm for matrices and tensors. As above, (A, B) denotes the full Hilbert—

Schmidt inner product, and

[A[] = V(A4 A)

denotes the associated Hilbert-space norm. Thus, for matrices, ||A|| is the Frobenius norm
unless another subscript, such as || - ||op, is specified. We use subscripts such as || - ||op, || - ||o,
and || - ||« for the operator, injective, and nuclear norms, respectively.
For a matrix A € C%*?_ the operator norm admits the variational representation
||A||0p = Sup ‘y*Az‘

[[y]l2=1
l[2ll2=1
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The injective tensor norm is the natural higher-order analogue of this formula. Let
AeViehe: @V

We define
[Allo == sup [{A, 1 @y2 @ @ yp)|.

llyillv,=1

i=1,..k
Equivalently, ||A||, is the largest correlation of A with a unit simple tensor. This norm is
also known as the injective tensor norm. In the case k = 2, it reduces to the usual operator
norm, up to the standard identification of matrices with order-two tensors.

By Cauchy—Schwarz, the Hilbert-space norm also has the variational representation

[All = sup [{4,B)],
IBlI<1

where the supremum is over tensors B of the same shape as A, and ||B| = \/(B, B) is the
Hilbert—Schmidt norm.
Finally, we define the nuclear norm as the dual norm of the injective norm:
|All« == sup [(A,B)|.
I1Bllo<1
For order-two tensors this agrees with the usual matrix nuclear norm. For higher-order
tensors, this is the tensor nuclear norm, equivalently the projective tensor norm.

These norms satisfy the chain of inequalities
[Alle < [IA[] < [[All+. (B.1)

Indeed, the first inequality follows because unit simple tensors have Hilbert—Schmidt norm
one. The second follows from the variational formula above and the fact that ||B||, < || B]|

for every tensor B.

B.1.3 Derivative Identities for Special Statistics

We record the derivative identities used in the derivation of the limiting dynamics. All
tensor-valued derivatives are interpreted using the contraction conventions from the previous

subsection.



114

Lemma B.1.1 (Jacobian of ¢ for diagonal linear networks). Let 1) be as in Assumption 3.1.8.

Then its Jacobian with respect to x = (u,v) is

Vip(u,v) = | Vh(u,v)  Vyh(u,v) € R,

where

Vutp(u,v) = 2q11 diag(u) 4 2q12 diag(v) + l11q,

and

Vo(u,v) = 2q12 diag(u) + 2q22 diag(v) + l214.

Lemma B.1.2 (Gradient of ¥). Let
-
1 [ ¥()

ri=— a€R2,

Vd | g
and define ¥(x;a) := f(r). Then we hav the expression

1 , N g R
\/gvmf( ) (Vip(z)) a € R™,

where V., f denotes the partial derivative of f with respect to its first coordinate.

V. ¥U(z;a) =

Lemma B.1.3 (Derivative identities for S). Fiz the product contour ' C C* from Re-
mark 3.3.3, and let z = (21, 22, 23,24) € I'. We define

Az, z) = R(zl;diag(u))R(ZQ;diag(v))R(zg;diag(ﬁ*))R(Z4;K) e cixd,
where
R(z A) = (2I;— A)!
denotes the resolvent of A. Since K is diagonal in our setting, all factors in Q(z,z) are
diagonal; in particular, Q(z,2)T = Q(z, 2).
Let us consider
W(z) := [¢(x) | B* | 1a) € RP,

and set the matriz

S(x,z) = éW(x)TQ(a:,z)W(a:) € C3%3,
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Then
VuS(x,2), VS (x, z) € CP3%3,

and
V2S(x,2), V2, S(x, 2), V25 (x, z) € Cxdx3x3,

In the following displays, we write Q for Q(x,z). Products involving block matrices are
interpreted as tensor contractions over the d-dimensional coordinate: a 3 x 3 block matrix

with vector-valued entries is identified with an element of C*3*3 and a 3 x 3 block matriz

with matriz-valued entries is identified with an element of C4*d*3x3
The first derivatives of S have the following form
Y(z) B 1y Y(x) 0 0
1 1
VuS(z,2) = V(@) | 0 0 0|+ Vad(@)2| go 0 0
0 0 O 1, 0 0
Y(z) B 14
1 . .
+fdlag(w(a:))R(zl;dlag(u))Q 0 0 0
0 0 O
0 0 O
1. « .
+gd1ag(ﬁ )R(zl;dlag(u))Q Y(z) B 1g
0 0 0
0 0 0
+-R(z1;diag(w))2 | 0 0 0| €CHP
Y(x) B* 1g
P(z) B Lq Y(x) 0 0
1 1
VoS(z,2) = ZVep(@) | 0 0 0|+ ZVep(@)) g 0 0
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Y(z) B 1a
1. .
+gdlag(w(:c))R(zQ;dlag(v))Q 0 0 0
0 0 0
0 0 0
1. X :
+Ed1ag(6 )R(ZQ;dlag(v))Q Y(z) B* 1g
0 0 0
0 0 0
—i—%R(zQ;diag(v))Q 0 0 0] eC®sxs
Y(x) B 14
Moreover, the second derivatives of S are
diag(y(z)) diag(8*) Iq diag(y(x)) 0 0
2 2
V2S(x,2) = 2@ 0 0 0 +%Q diag(f*) 0 0
0 0 0 Iy 0 0

2
+gQ 0 0 0
0 0 0
diag(v(x)) diag(8%) I
+§vuw(x)R(z1;diag(u))ﬂ 0 0o 0
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diag(y(z)) diag(6*) I

2 .
+ - diag () R(21; diag(w) "2 | 0 0 0
0 0 0
0 0 0
2 .
+Ed1ag(ﬁ )R(zl;d1ag(u))29 diag(¢(x)) diag(s*) I4
0 0 0
0 0 0
2
+ 2 R(z1; ding(u)*Q 0 0 0| eCHDds

diag(y(z)) diag(6*) I

diag(y(z)) diag(8*) Ia diag(y(x)) 0 0
Vwa(az,z):%Q 0 0 0 +2%Q diag(8*) 0 0
0 0 0 1 0 0
(Voo())(Votb(z)) 0 0
29
+ d 0 0 0
0 0 0
ding(v(x)) ding(5") Lo
F V@R diag() | o 0 0

0 0 0

[ diag(6(z)) 0 0
+ V(@) R(e1; ding(0) | diag() 0 0

Iq 00
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diag(p(z) ding(8") I,

1
+ gvu@/}(x)R(ZZ; diag(v))Q 0 0 0
0 0 0

+§¢@@m@wmamm diag(8*) 0 0
I 0 0

m%wm>oo}

diag(y(z)) diag(f*) Iy
+ é diag(w(x))R(zl; diag(u))R(ZQ; diag(v))ﬂ 0 0 0
0 0 0
0 0 0
+ édiag(ﬁ*)R(zl; diag(u))R(ZQ; diag(v))Q diag(v(z)) diag(8*) I
0 0 0
0 0 0
+ %R(zu diag(u)) R(z2; diag(v)) € 0 0 0| e axdx3xs

diag(¢(z)) diag(6*) Ia

diag(y(x)) diag(8*) Iq diag(y(x)) 0 0
2 2
ViS(@,z2) = 2o | g 0 0|+ diag(8) 0 0
0 0 0 1y 00
(Vop(z))? 0 0
2
-0
—l—d 0 0 0
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diag(y(x)) diag(8*) Ia
+ gvvw(:v)R(zm diag(v))€ 0 0 0

+§VU1/1(x)R(Zz;diag(U))Q diag(8*) 0 0

diag(¢(z)) diag(6*) Ia

2 .
+ 3 dlag(zp(x))R(zQ; dlag(v))QQ 0 0 0
0 0 0
0 0 0
2 . N .
+ 5 ding(3") R (22; diag (1)) "0 | ding((e))  ding(8") Iu
0 0 0
0 0 0
+ gR(zg; diag(v))29 0 0 0| € Cdxdx3x3,

diag((x)) diag(8") Iy
B.1.4 Concentration and Pseudo-Lipschitz Estimates

We use the subgaussian norm || - ||y,, which is equivalent up to universal constants to the
optimal variance proxy in a Gaussian tail bound. Namely, for a real-valued random variable

X

)

IX[l,, = inf {V >0:P(X|>1) <267/ for all t > o} . (B.2)

Gaussian random variables are naturally subgaussian. Moreover, Gaussian measures satisfy
the stronger property of dimension-free Lipschitz concentration, which gives cocnentration
inequalities for nonlinear functions of Gaussian vectors. Specifically, let Vy be a finite-

dimensional Hilbert space, and let Z be a centered isotropic Gaussian vector in Vp. If
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g : Vo — R is Lipschitz with constant L(g), meaning that

l9(z) —9()| < L9z —ylly, ~ forall z,y €V,

then we have
l9(Z2) —Eg(2)ll,, < CL(f),

where C' > 0 is an absolute universal constant. In particular, the bound does not depend on

the dimension of V.

Pseudo-Lipschitz functions. In our setting, we will also work with functions which
are not quite Lipschitz, in that they are locally Lipschitz (Lipschitz on compact sets) and

moreover have polynomial growth of their Lipschitz on norm-balls.

Definition B.1.4 (Constant Pseudo-Lipschitz functions). A function f: Vj — V; is called
pseudo-Lipschitz of order « if there exists a constant L = L(a, f) such that, for all z,y € Vj,

we have
1f(x) = fW)llvi < Lllz—yllv, (14 25, + 1ylIT;) -

We call L an a-pseudo-Lipschitz constant for f.

We will often works with outer functions and statistics whose gradients are a-pseudo-
Lipschitz. To reduce pseudo-Lipschitz estimates to Lipschitz estimates on bounded sets, we
will use projection onto norm balls. For 5 > 0, we define the projection operator onto the

ball of radius 3, denoted Projg : Vo — Vp, by

z, if [[z[lv, < B,
: o : 2
Projg(x) := argmin,cgpllr — ylly, = <

)

L ), otherwise.

HZ’”VO

where B denotes the unit ball in Vj.

Lemma B.1.5. Suppose f : Vo — Vi is a-pseudo-Lipschitz with constant L. Then the
composition f o Projg is Lipschitz with constant L(1+28%).
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Proof. Projection onto a closed convex set is 1-Lipschitz. Therefore, for all z,y € V), it holds

H(f o Projﬁ)(x) —(fo Projﬁ)(y)HV1 <L HProjB(:L') — Projﬁ(y)HVO
X (1+ || Projg(x)|I§, + [ Projs(y)|%;)
< L(1+28%z = yllves

as we had to show. O

We will use the following growth estimate for moments of the first partial derivative of

the a-pseudo-Lipschitz outer function f; see [21].

Lemma B.1.6 (Growth of V., f). Suppose f : R? = R is a-pseudo-Lipschitz with pseudo-
Lipschitz constant L(f), as in Assumption 3.1.4. Then, for any p > 0 and r € R?, we

have
Vo £(r)]7 < Cla,p) LUFP (1 + [[r]l)<therh, (B.3)
where V., f denotes the partial derivative of f with respect to its first coordinate.
T
1 .
Moreover, set r = 7a [d;(;;;) B ] a € R?, and let

W(z):=[¢(z) | 8* | 1] € R
Then the following moment bound holds:

)

> max{1l,ap}

Eo [| Ve f(r)|7] < Cla,p) L(f)P (1 + \}gIIKH%QHW(x)H
(B.4)

1
1L+ 07y, < C( 1+ —= KW (@) ) -
Vd

B.2 Dynamics of the Resolvent Statistic

The purpose of this section is to identify the statistic that mediates between the stochastic
dynamics and their deterministic limit. Recall that our goal is to prove that, for every
statistic ¢ : R?? — R satisfying Assumption 3.3.6, the processes ©(w 1)) and p(Xt) are close
in the sense that they converge to the same deterministic limit.

The central object in this comparison is the matrix-valued statistic

S(w,2) = éW(az)TQ(z,z)W(x) € €33,
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where

W(x) = [¢(e) | 8| 1g] € R,

and Q(z, z) is the resolvent product defined in (3.18). We study this statistic along both
trajectories, namely S(X¢, z) (homogenized SGD updates) and S(z |44, 2) (SGD updates),
for z on the fixed product contour of Remark 3.3.3.

The argument has two main components. First, we show that the discrete and homogenized
dynamics are close when tested against S, in the sense that S(x|;q), 2) and S(X¢, 2) remain
close uniformly over the relevant time interval. Second, we show that S(X;, 2) is itself close to
a deterministic limit . (¢, z), where . solves the partial integro-differential equation (B.6).
Combining these two steps yields a deterministic description of S (thd 15 z).

This statistic is powerful because it encodes enough spectral information to recover
the deterministic limits of the broader class of statistics ¢ considered in Assumption 3.3.6.
We make this reduction explicit in Section B.2.2. Thus, the dynamics of S(z, z) serve as
the dynamical nexus of the proof: once S is controlled, the limiting behavior of the other
admissible statistics follows by the contour representations developed below. Beyond this,
the dynamics of the mapping S(z, z) itself often provide useful insights into analyzing the
optimization trajectories of particular optimization problems. Indeed, properties of the

solutions to which the algorithms converge can be derived by looking at the mapping S(z, z).

B.2.1 Approximate Solutions and Stability

We begin by recalling the quantities entering the partial integro-differential equation. By
Assumptions 3.1.10 and 3.1.11, we have

R(x) :=h(B(z)) and E.[V,,f(r)?]:=1(B(z)) with B(z)= $W($)TKW($),

where h, I : R3*3 — R are differentiable and a-pseudo-Lipschitz. It will be useful to isolate
the first-column components of the gradient of h. We therefore define

Viith(B(x)) |00

H (B(r)) = Vorh (B(x)) |00

Vaih (B(z)) | 0|0
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With this notation in place, we now introduce the partial integro-differential equation. In
what follows, we will work with a function F (z, S(t, )) Its explicit formula can be found in

the displayed lines after Remark B.3.3, but will not be important for what follows; the only

feature that matters is that it can be written as a sum of simple terms described below.
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We next introduce a notion of approximate solution to (B.6). The point of this definition
is that both S(X;, z) and S(x |44y, 2), which are functions of both homogenized SGD and
SGD respectively, will be shown to satisfy the PDE up to a small error.

To measure errors uniformly on the fixed contour, we define a norm, ||-||;., on a continuous

function S: I' ¢ C* — C3*3 by
18]l = max [|S(2)]] -

The following lemma relates this contour norm to the parameter squared norm along both

the homogenized and discrete trajectories.

Lemma B.2.1. There exist constants 0 < ¢ < C < oo, depending on ||K||.,, [|8*] s, and T,

op’
such that for allt > 0,

g leet g CTIRI
a W™ 3 [[Whea |

Proof. For homogenized SGD, we have

1

p | 2 < O|S(Xe, )l -

On the other hand, by Neumann series and since |z;| > || Ds|,, on each I';, we know that

1 1\ & Y
R(z; Di) = (2 I = Di) ' = — (Id - ZDZ-> =—> <Z,Di) :
(2 ( 1 ]:0 (]

therefore

1 & | 1 1
IR (2 D)l < ( ) _ L _ <
i Di) EA z(:) |zi] 1— ﬁ HD,-HOP |zi| — HDZ-||Op

Thus we conclude

24 9
1S (X, )l = max thTQWt < 5 IIWtH ~1 12X R (253 Di)llop < q [Wel]” .

The same bounds hold for SGD with obvious changes. O

We will be working with approzimate solutions to the partial integro-differential equation

defined as:
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Definition B.2.2 ((g, M, T')-approximate solution to the partial integro-differential equation).

For constants M, T, e > 0, we say that a continuous function
§:{t>0}xT C{t>0} xC*—C>3

is an (e, M, T)-approximate solution to (B.6) if it satisfies the following properties.

Stopping time. Define the stopping time

T:m(8) == inf{t >0:[|8(t,")|lp > M or B(t) ¢ Z/l}.

(i) Lipschitz regularity of derivatives. For any other (e, M, T)-approximate solution

d2
dz? 8

§ and for each coordinate z;, the first and second partial derivatives %8 and
exist, and they depend Lipschitz—continuously on & in the sense that for any s > 0 and

z €T c C* it holds:

|

d2 ~8 d2 o AS
HdZQS(S A TM Z) - @8(8 A TM Z)

d . d : .3
d—ZiS(s/\T]%,Z) - d—ZiS(s/\T}%/[,z)

r S CHS(S/\%J%%')—3(5/\%]%4")”F’

< C HS(S A7) = 8(s AR, .)HF

(i) Approximate satisfaction of the PDE. The following integral-form error bound

holds:

S(t,-) — 8(0,) — /0 F (- 8(s,-)) ds

sup <€,

0<t< (21 (8)AT)

where the initial condition is 8(0,-) = S(zo, ), with z¢ the initialization of SGD.

We suppress the 8 in the notation for 7y, that is 737 = 7as(8), when the function 8§ is clear

from context.

Remark B.2.3. Consider

S(z,2) = éW(:U)TQ(x,z)W(x) € ¢
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for

Q = R (21; diag(u) - R (22 diag(v)) - R (z3;diag(8")) - R (24; K) € C™.

Differentiating the resolvent representation gives

d? 20T 2 d’ 6T 3
@S(x,z) = gW R(zi; D;)Q(z, 2)W, @S(aﬁ,z) = —gW R(zi; D;)°Qx, 2)W,

K3 K3

so by Lemma B.2.1 and (B.40), we get

2

d
725(:6? Z)

3
Hdz

OISl md | 556
z

%

< OISz, )l -
r

i r
Consequently, the processes S(7|q),2) and S(Xi,2) satisfy condition (i), since
8(s A7ar, <)l < M for any s > 0. Furthermore, in Section B.3, we prove that they
also satisfy condition (ii) and hence that they are (¢, M, T)-approximate solutions. Note that
we must extend the discrete time of SGD to a continuous time (see Section B.3 for details).

Finally, it is clear by definition that the exact solution . of (B.6) is an (0, M, T')-approximate

solution.

The first result is a stability statement: any two (e, M, T')-approximate solutions remain

uniformly close up to the stopping time.

Proposition B.2.4 (Stability). For all (¢, M,T)-approximate solutions 81 and 83, there
exists a positive constant C = C(L(h), L(I),7, || K ||, , 116"l » M, ., T) such that

sup |81t ATar, <) — S22t AT, o) |lp < C - e,
0<t<T

where Ty = min{7a7(81), 7ar(82)}-

Proof. First note that 7py < 73/(81) and 73y < 7az(82). Thus all estimates below are taken

up to the common stopping time 757. Write 81 and 89 as

Sl(t, ) = 81(0, ) + /(:?(-,81(8, )) ds + 6(81)
(B.8)

&m»:&@o+45%ﬁxa»m+d&»
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where £(81) and (82) are error terms from the (e, M, T')-approximate solution inequality
and we have for j = 1,2 the estimate
sup [le(8;)|p < e
0<t<(TATar)
We first prove the stability estimate under the following Lipschitz bound on &F. Suppose that

there exists a constant C' = C(L(h), L(1),7, || K||,, s [|8*]l» » M, ) such that, for all s,

op’
1F (-, 81(s A7ar,0)) = F (4, 82(8 Amar, ))llp < Cl[S1(s A Tary ) — Sa(s A, )llp - (BL9)

We verify (B.9) at the end of the proof. However, Equations (B.8) and (B.9) imply

sup  [[81(t,-) = 82(t, )l <26+ sup /OHff”(-,Sl(sa-))—3"(-,52(87-))Hrds

0<t<T AT 0<t<T AT

t
— 9%+ sup / 1F (-, 81(s Aats ) = F (- Sa(s A 7ars ) ds
0

o<t<T
T
< 25+0/ 181(s A 7ags ) = Sa(s A 7ars ) ds,
0

where C = C(L(h), L(1),7, || Kl op s 18"l » M, @) is & positive constant.
Define Qr := supgeicr [|81(t A 7ar,+) — 82(t A 7ar,-)[|p- Then one has that
T
Qr= sup |[|8i(t,-) — 8a(t,)|Ip < 2e+ C/ Qs ds.
0<t<TATM 0
By an application of Gronwall’s inequality,
sup [|S1(t Aoz, -) — Sa(t A Tar, )|lp < 22e°7,
0<t<T
and the result is shown.
It remains to verify the Lipschitz estimate (B.9). We will do this in steps. First, define
Bi(-) = ﬁ $p 24 8;(-,z) dz for j = 1,2. We will use the shorthand BIM(s) = Bj(s A Tum)
and 87" (s,-) = 8;(s A7w, ). Now, by the a-pseudo-Lipschitzness of VA (Assumption 3.1.10),
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we have

| P )T = HBP ()| < L) (14 1B ()| + 1B7 (5)) BT (5) — B3 (5)]
< C(L(R), M, @) [ B] (5) — B3 (s)]

Jarepeon| < oo (1+ |57 @) < czm.ana

since we have the expression

|37 (9)]| = H(271r>47€24 87 (5, 2) >

Here we used the stopping time 73, explicitly. Similarly,

1B (s) = By (s)]l < C]i |2l 187 (s, -) = 85M (s, ) Ip d 2|

<O 1K llop 18 10) |

SJTM(S,.)HF <C-M.

S O] 1K lop - 187 lloo) 187 (55 ) = 85M (5, )l -

Consequently, there exists a positive constant (independent of s) such that

| )T = HB3 () T|| < CLth) M0 K gy 18710) 187 (5 7) = 83 (5. )l

(B.11)
Analogously,
f{r q(2:)87" (s, 2) dz; —7{ q(2)85" (8, 2) dzi|| < C(IT], 1K | op s 116" 00)-
1874 (s, ) = 83" (s, )lIp
$ 087 (5,05 < CATL IR o 187]10) 37500
<C-M.
(B.12)

Lastly, by the definition of approximate solution (B.2.2), for every 1 < i < 4, we have

TM d T
T8 (57) = -87(s.2)

& <O |87 (s, ) — 8T (s, )l

r

(B.13)
d or
dizz'SjM (37 Z)

<c‘

$7(s,0)| <0 M,

T r
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and
d2
s = 37702 < €875 - 570
(B.14)
d2
™™ ™
’ 25" (2| < C’Sj (s,-)HF <C-M.
Therefore, since the composition of Lipschitz functions is Lipschitz, we have
1(Oi=18:) 87¥(s,) = (O i) (83 (5, )| < CUIST* (5,-) = 85 (s, )
(B.15)

[(OLi8:) 87, ->>HF<0)

s;M(s,-)HF <C-M.

From equations (B.10), (B.11), and (B.15), it follows that there exists a positive constant
C =C(L(h), M,
, || K|l s 18%]l o »¥) such that

|27 (BP ()T 2 (OR161) (ST (s5,) = 29()H (BF" ()T =€ (O i) (87 (s.))|
<O 87 (s, ) = 85 (5, -
(B.16)

Next, by a-pseudo-Lipschitzness of the squared gradients (Assumption 3.1.11),

[T(BT(s)) — I(B5" ()| < C(L(I), M, ) | B™ () — B3M (s)||
» (B.17)
HJ(B;M(S))H < L) <1 n HB;M(S)H > < C(L(I), M, ).

Therefore, we deduce that

|C@r (2 1(B7 (5)2 (O19:) (87 (5. ) = CL@U()*I(BF ()= (O19:) (85 (5.9) |

S C-87(s,) = 83¥ (s, )l
(B.18)

where C' = C(L(I), M, || K[|, s |8*[|o »7) is a positive constant. The Lipschitz condition
for ¥ (B.9) holds after applying expressions (B.16) and (B.18). O]
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We now transfer the stability estimate from the resolvent statistic .S to any statistic

© = g o (Q satisfying Assumption 3.3.6. Here we set
1 . .
Qz) := gWqu(dlag(U))(p(dlag(v))%(K W,

where ¢1, g2, ¢4 are polynomials. For an approximate solution §;, define

Qi(t) = (2;)4 75 01 (21) a2 () aa (22)S:(t, 2) dz.
The following proposition shows that given two approximate solutions, 81 and 8, the function
g o Qi(t) is close to g o Qa(t). The pseudo-Lipschitzness of g, together with the boundedness
imposed by the stopping time, allows us to control the difference between ¢(Q1) and g(Qs)
by the contour distance between 81 and Ss:
sup [(goQ1)(tATMm) — (g0 Qa)(tATa)| < C sup ||81(t A Tar,-) — S2(t A Tary ),
0<t<T 0<t<T

and then Proposition B.2.4 finishes the result.

Proposition B.2.5. Suppose p: R — R is a statistic satisfying Assumption 3.3.6 such
that p(x) = go Q(x). Suppose 81 and 8y are (g, M, T)-approzimate solutions. Then there

exists a positive constant C = C(L(h), L(I),7, | K|, |18* |l » M, o, T) such that

op’?

sup
0<t<T

g <(271T)4£Q1(21)QQ(22)Q4(Z4)871—M (t,2) dz)

1 T
-9\ o3 7{ q1(21)q2(22)qa(24)85™ (t,2)dz | | < C - ¢
(2m)* Jr
where Ty 1= %M(Sl) VAN f'M(SQ) Here S;—M(t, ) = Sz(t N TwM, )

Proof. Since 1pr < 7a7(81) and 7y < Tas(82), we can always work on the smaller time 7.
We define Q;(t) = ﬁ $r q1(21)q2(22)qa(24)8;(t, z) dz and the stopped process Q7™ (t) =

Q;(t A pr) for © = 1,2. First, we observe

127 (1) < Cji |q1(21)| la2(22)| |qa(za)| (|87 (¢, 2)|| d=
(B.19)

SO op 18" e Narlly, > llallp,  gallp,) 185 (2, )y < C- M.
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Moreover, the map 8 — Q is Lipschitz in the contour norm:

197 (8) = M I < Clllanlly, » llg2llr, » HQ4IIF4)]§HSIM(15, z) = 85" (t,2)|| d|z]

S CKlop > 18 oo Narlip, » lgzllp, s llgallp,) ST (2, -) = 85¥ (&, )y -
(B.20)
Using the a-pseudo-Lipschitzness of g, together with the boundedness estimate (B.19) and

the Lipschitz estimate (B.20), we obtain

(g0 Q1) (t) — (90 95")(1)] < L) 197" (£) — 3 (DI (1 + 127 B[ + 125" (1))

< C- HS;M <t7 ) - Sgﬂl (t7 )”F )

where C' = C(|| K[|y, 18|00 » M, [lanllry s [la2llry » [lgallr, s L(g), @) is a positive constant. Tak-

ing the supremum over all 0 < ¢ < T and applying Proposition B.2.4 finishes the result. O

B.2.2  Main Argument of the Proof: Concentration of the Resolvent Statistic S

In this section, we prove concentration of both SGD and homogenized SGD under the
resolvent statistic S around the deterministic solution . (¢, z) of (B.6). We first prove a
concentration result with a common stopping time, and then strengthen it to a one-sided
stopping-time formulation in Theorem B.2.7. This resolvent-level result implies Theorem 3.3.4.

The important statistic which will play a pivotal role is

S(w,2) = %W(m)TQ(az, AW (2) € CF3, (B.21)

as well as the function

B(z) = éW(x)TKW(:n) € B33 (B.22)
Here

W(w) = [$(z) | B* | 1] € R,
We will extend the iterates of SGD, {z\}, defined on discrete time k to continuous time.
This is so that we can compare SGD and homogenized SGD, {X;}. We relate the k-th iterate
of SGD to the continuous time parameter ¢ in homogenized SGD through the relationship
k = |td]|. Thus, when t = 1, SGD has done exactly d updates.

We are now ready to state and prove one of our main results.
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Theorem B.2.6 (Concentration under a common stopping time). Suppose the risk function
R(z) (3.7) satisfies Assumptions 3.1.4, 3.1.10, and 3.1.11. Suppose the stepsize schedule
satisfies 3.1.13, the iterates xj and X; satisfy 3.3.1, and the hidden parameters B* satisfy
Assumption 3.1.9. Moreover the data a ~ N(0,K) satisfies Assumption 3.1.5. Write
W) = W(z|1q)) and Wy := W (Xy) initialized with Xo = xo. Then there is an € > 0 so that
for any T, M > 0 and d sufficiently large, with overwhelming probability,

sup HS(.CI}Lth,-)—y(t, >HF gd_5>
Ogth/\T]M(S(ILth7')7y(t7’))
sup 1S(Xe, ) = L(t,)||p < d 5, (B.23)
0<t<TATAL(S(Xt,),(2,-))
sup 1S (2 10ay, ) = S0, ) || < d°%,
OgtST/\TM(S(deJ,-),S(xty'))

where .7 solves the partial integro-differential equation (B.6), and
v (81,82) = min{7as(81), Tar(82) }-

Proof. We will consider 81(t,z) = S(z1q),2) and 8a(t,z) = S(X,2) and suppress the
notation by setting 7as (81,82) = 7ar. We also note that the cases when 81(t, 2) = S(z|44), 2)
and 8a2(t,z) = L(t,2z) and 81(t,z) = S(X¢, 2) and 8a(t, z) = L (t, z) follow an analogous
proof, so for brevity, we do not present them.

By Proposition B.3.2, for some & > 0, we have that S(X;, z) is an (d~¢, M, T')-approximate
solution with overwhelming probability. Moreover, by Proposition B.3.4, S (:UW 15 z) is an
(d=¢, M, T)-approximate solution. (For the deterministic function .# (¢, z), it is an (0, M +
1, T)-approximate solution by definition.) Applying the stability result, Proposition B.2.4, to

the three pairs

(S(xl_tdja)as(xtv))ﬂ (S(x\_tdjv)7y(t7 ))7 (S(xtv)ﬂy(tv ))
gives the three stated bounds, after possibly decreasing e. O

In the next theorem, we note that one can remove the condition that both processes
must remain bounded in ||-|| and separated from U, and reduce this to show that we only
need one of the processes to satisfy these properties. In this way, we can show that SGD is

well-behaved and then conclude that homogenized SGD must also be well-behaved.



133

For any (e, M, T')-approximate solution S(t, -), we define the stopping time
Farn(8) = inf{t = 0: |8(t,)lp > M or sup HB (t,8) BH
Beu
where we set

B(t,8) =

(271r)4 7{7:48(15, z)dz.

Our main theorem requires that only one of the statistics stays bounded, and not, in

particular, both. To define this, we introduce a stopping time
My = mzlugf'Mm(Si). (B.24)
We note that 7a70 = 7ar with 7ps defined in the (e, M, T')-approximate solution definition.

Theorem B.2.7 (Concentration under a one-sided stopping time). Suppose the risk function
R(x) (3.7) satisfies Assumptions 3.1.4, 3.1.10, and 3.1.11. Suppose the learning rate schedule
satisfies 3.1.13, the iterates x and Xy satisfy 3.3.1, and the hidden parameters * satisfy 3.1.9.
Moreover the data a ~ N (0, K) satisfies Assumption 3.1.5. Let Oy, be defined by (B.24).
Write Wq) := W(x|1q)) and Wy := W(Xt) initialized with Xo = xo. Then there is an € > 0
so that for any T, M,n > 0 and d sufficiently large, with overwhelming probability,

sup 1S4y, -) — ()| p < d7°,
0<t<TA®,, S “‘” D78
sup S(Xg, ) — L, )| < d°8,
0<t<TAOS X1 )H (e, ) (&)l (B.25)
sup 1S (1, ) = S(Xh, ) || <d75,

0<I<TAO,, (x“‘” R

where .7 solves the partial integro-differential equation (B.6).

Proof. Fix an n > 0. For two mappings 8§; and 89, we define the stopping time

Tor o = min{Far41,0(81), Farg1,0(82) - (B.26)

As in the previous theorem, we will consider 81(t,2) = S(z|4q),2) and 8a(t,2) = S(Xy, 2)

and suppress the notation by setting TMS = Tumy- We also note that the cases when
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81(t,2) = S(x|4q),2) and 8a(t,z) = S (t,2) and 8:1(t,z) = S(Xy, 2) and 8a(t, 2) = L(t, 2)
follow an analogous proof so for brevity we do not present them.

By Theorem B.2.6, we have that

sup HS(thdJ,) S(Xy, - d—¢ w.o.p. (B.27)

0<I<STATAM 11,0 HF
The remaining component is to replace the stopping time 737410 which requires both statistics
to have -norm less than M +1 with ©,;, which only requires one of the statistics to remain
in the good set. Denote the event that (B.27) occurs by A. and its complement by AS. Then

for sufficiently large d, we have
P[Ony > Tars10] < P[AS]. (B.28)

To see this, suppose Oy, > Tar41,0. At time £ = 77410, one of the following exits must
occur: HS T|gd)s HF > M + 1 or suppg, HB (T|1a)) BH 0 or [[S(Xe, )|lp =2 M+ 1
or Sup gy, HB (Xy) — BH 0. On the other hand, since Tapry10 = t < Opry, then ei-

ther ||S( T|1d)s - HF > M or ||S(X,-)||[p = M and then SupBguHB T|1d)) —B’ > 7 or

SUD gy HB (Xy) — BH > 1.
Now we consider cases. Suppose ||S(X;,-)|lp = M + 1. Then || S(X;,-)||p cannot be less
than or equal to M so it must have been that HS Titd), - Hr < M. Since t = Tar41,0, working

on the event that (B.27) occurs, we have that
15Xt M < [ ieay ) = SO )+ |15 (@ aas )l < 47 + M.

For sufficiently large d, then ||.S(X;, )| < M + 1 which is a contradiction.

Suppose HS(thdJ’ )HF > M + 1. Then by reversing the roles of z|,4) and X; in the
previous case, we see that this cannot occur.

Next suppose that SUD gy HB (X¢) BH 0. Then SUD gy HB (Xy) BH cannot be
greater than 7. Thus it had to be the case that SUP g1 HB thd — BH > n. Now working

on the event that (B.27) occurs, we have that

HB(%dJ)—BH < || B pa) = BOG)|| < C- sup |z - [|S(@aps ) — (X, - C.d.

z4€ly HF

where C' and C are positive constants. Hence for sufficiently large d, we have

SUP g4 HB(@"Lth) - BH < n, a contradiction.
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Lastly suppose SUD gy HB(%dJ) — BH < 0. By reversing the roles of x4 and X, we
reach the same conclusion as the previous case.

Hence the inequality (B.28) holds and thus, 7as41,0 = ©ar,, with overwhelming probability.
The result follows. O

We immediately get a corollary which shows that SGD and homogenized SGD concentrate
around the deterministic function (¢, z) which is a solution to the partial integro-differential

equation (B.6) provided Assumption 3.3.1 holds.

Corollary B.2.8 (Non-explosiveness and concentration). Suppose the assumptions of Theo-
rem B.2.7 hold. Suppose, in addition, for a fited T > 0 and n > 0 that
sup sup HB(IELth) - BH >n  w.o.p. (B.29)
0<t<T Bey
Then there is an € > 0 so that for d sufficiently large, with overwhelming probability,
sup ||S(x(pqp,) =L (t,)||p <d° and  sup ||S(z|a),) — S(Xe, )| < d7F, (B.30)
0<t<T 0<t<T

and therefore

sup [Z(t,-) — S(Xy, g < 2d°. (B.31)

0<t<T

Proof. Define the following stopping time similar to © s, in (B.24) by

C:)?\}’SQ = maxinf{t > 0 : sup HB(t,Si) - @H < n}. (B.32)

o i=1,2 B
¢u

Here we think of 81 as either homogenized SGD or .¥ and 85 as SGD. The stopping time
@?}[:iz from (B.24) is controlled by the non-explosiveness and separation assumptions on
the SGD trajectory. By Lemma B.2.1 and Assumption 3.1.9, there exists some C > 0

independent of d such that

24
15 aags e < = IWieal” < 2* (el +18°15% +1) < € ([epalls, +1)-
d
Consequently, this translates into

{t=>0:]|S(xa), )|, > C (M +1)} C{t >0 |jaq)]| , > M},
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and so the infimum of the right-hand-side is smaller than the infimum of the left-hand-side.

Moreover, we have by Assumption 3.3.1 that
T<inf{t>0: HfELtdj HOO > M} w.o.p.
Similarly we have that
T <inf{t >0: sup HB(&;Lth) — BH <n} w.o.p.
Beu

Thus, we have that

81,82

31,82
T < @M’n < @C’(M4+1),n W.0.p.,

where 8; is either S(Xy,-) or .#(t,-). By Theorem B.2.7, we immediately get the result in
(B.30). A simple triangle inequality gives the result in (B.31). O

Lastly, we make one final connection to Theorem 3.3.4, proving the result below.

Proof of Theorem 3.3.4. The result immediately follows from Theorem B.2.7 and Corol-

lary B.2.8 after noting that

1
(2m)t

and Lipschitzness of the integral, that is,

B(z) = £Z4S($,Z) dz and ZA(t) = (27104%}7;4&7(@2) dz

<C-|81(t,-) — Sa2(t,-)|lp  for some positive C > 0.

7{2481@, )dz — j{ 2489(t,-) dz
r r
O

B.2.3 Concentration of General Statistics

We now transfer the resolvent-level concentration result of Theorem B.2.7 to any statistic
@ : R?? — R satisfying Assumption 3.3.6. This gives Theorem B.2.9, which is a reformulation
of Theorem 3.3.7. The result applies, in particular, to the risk and curvature curves, R(z)

and tr(V2R(z)), as well as to other generalization metrics covered by Assumption 3.3.6.
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In this section, the statistics ¢: R?? — R of interest satisfy a composite structure

(o) = 317(0)" nding(u) (o) s KW ()

where g: R¥3 — R is a-pseudo-Lipschitz on U and q1, ¢2, ¢4 are polynomials (see Assump-
tion 3.3.6). Note that we assume that g is evaluated on the real-valued matrix recovered by
the contour integral, which lies in &/ up to the stopping time.

Define

1

2(t) == (27T)4éQ1(2’1)QQ(Z2)Q4(Z4)5”(t,z) dz,

where . solves (B.6). The deterministic equivalent of p(z;4)) and ¢(X;) is then

¢(t) := g(2(1)). (B.33)
Thus we state our concentration theorem for ¢(z|44)) and ¢(Xy).

Theorem B.2.9 (Concentration of general statistics). Suppose the Assumptions of Theo-

rem B.2.7 hold. Suppose, in addition, the statistic satisfies a composite structure,

o0) = (1) ning(u)e o) a KW ()

where g: R3*3

— R is a-pseudo-Lipschitz on U and q1, q2,qs are polynomials (see Assump-
tion 3.3.6). Then there is an € > 0 so that for any T, M,n > 0 and d sufficiently large, with

overwhelming probability,

Sup [p(2 i) — o(1)| < d7%,
S gq)> ) (t0)
0<I<TAO,,
sup (X)) — B(t)| < d %,
0<t<TAQS X (0) - (B.34)
sn
sup |l 1a)) — (Xr)] <d77,
S(@ 1) S(Xp)
0<tSTAO,

where ¢ is defined in (B.33) and the stopping time @i}f’f is defined in (B.24).

Proof. As in the proof of Theorem B.2.7, we define the stopping time Tijf2 as in (B.26)

1n
and suppress the notation by setting T]%/}ffn = Tary- We will consider the case when

81(t,+) = S(x|1ay,-) and 82(t,-) = S(X¢,-). The other cases will follow by analogous proof.
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By Proposition B.3.2, we have that S(X;, z) is an (d~¢, M + 1, T)-approximate solution
with overwhelming probability. Moreover, by Proposition B.3.4, the function S(z|44), 2)
is an (d¢, M + 1,T)-approximate solution. (For the deterministic function .7, it is a
(0, M + 1, T)-approximate solution by definition.) We observe that

1
(2m)*

7t (o) (2)as (205060, 2) 2 = W] (ing()) o () ()W

1 . .
ﬁQI(ZI)QQ(Z2>Q4(Z4)S(5ULthaZ) dz = 8ngJQI(dlag(uLth))QQ(dlag(thdJ))Q4(K)WLtha

We apply Proposition B.2.5 to conclude that there exists a € > 0 such that

sup ’gp(xtth) - gp(fxt)l <d % w.o.p. (B.35)

0<t<TATM 41,0
Using the same argument as in Theorem B.2.7, we can remove the stopping time 737410 and

replace it with ©,y for sufficiently large d. O

Lastly we formulate an immediate corollary which follows directly from the proofs of

Theorem B.2.9 and Corollary B.2.8.

Corollary B.2.10. Suppose the Assumptions of Theorem B.2.9 and Corollary B.2.8 hold.

For any fivred T > 0, there exists € > 0 such that, for d sufficiently large, with overwhelming

probability,
sup |@(xgq)) — ¢(t)| <A™ and  sup |p(xq)) — o(Xe)| <d7F, (B.36)
0<t<T 0<t<T

and therefore

sup_[p(Xy) — ()] < 24 (B.37)

0<t<T
Theorem 3.3.7 follows by applying Corollary B.2.10 to the statistic ¢ appearing in the

theorem statement.
B.3 SGD and Homogenized SGD are Approximate Solutions

In this section, we show that the resolvent statistic ¢ — S(z|44), 2) associated with SGD and
the corresponding statistic ¢ — S(Xy, z) associated with homogenized SGD satisfy the partial

integro-differential equation (B.6) up to a small error. The argument uses a martingale
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method in the spirit of diffusion approximation [30]: after applying a Doob decomposition to
the statistic S, we show that the martingale terms are negligible and that the drift terms
match the operator &F.

Recall the matrix-valued statistics
1 1
S(z,z) = 8W(x)TQ(£U,Z)W(ZL‘) € C3%3, B(x) = gW(x)TKW(x) e R3*3,

where W(x) = [¢(z) | B* | 14] and Q(z, z) is defined in (3.18).

We first show that both homogenized SGD and SGD on S(-, z) are (g, M, T)-approximate
solutions as defined in Definition B.2.2. Then by Proposition B.2.4, it is immediately implied
that both homogenized SGD and SGD on S(+, z) are uniformly close. Finally, Proposition B.2.5
establishes that the same hold for any statistic ¢(x) satisfying Assumption 3.3.6. In order to
show that both homogenized SGD and SGD on S(-, z) are (g, M, T)-approximate solutions,
we perform a Doob decomposition for both homogenized SGD and SGD and then show that
both martingale terms are small.

To compare homogenized SGD with SGD, we rescale time by setting k = |[td]. Thus, one

unit of continuous time corresponds to d SGD updates, and we write
Ttd — LL‘Lth (SGD) and T)Ct (HSGD)

Throughout this section, expressions such as S (athd |, #) are understood under this identi-
fication, and scalar statistics are real-valued ¢ : R*¢ — R.

When applying the scalar 1td, Taylor, Doob decomposition, or martingale estimates to
the complex-valued matrix statistic S(-,z) € C>*3, we do so coordinatewise. Namely, for

a,b € {1,2,3} and fixed z € T', define the real-valued functions
SR (1) :=Re Sup(x,2), S (x) := Im Sup(x, 2).

All scalar identities and estimates below are applied to these real-valued functions. The
corresponding complex matrix-valued identities are then obtained by recombining real and

imaginary parts. For example,

(Me(S)(2)) 7= Mi(S,77) + i Mi (S35 ™)
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Since there are only finitely many entries, passing from scalar estimates for the real and
imaginary parts to matrix estimates for .S only changes constants.

Our first argument is a net argument showing that we do not need to work with every
2z € T' c C*, but only polynomially many in d. For this, recall ' defined in Remark 3.3.3.
For a fixed é > 0, we say that Ff is a d%-mesh of I; if Fff C I'; and for every z; € I'; there

exists a z; € Ff such that |z; — z| < d—o.

Lemma B.3.1 (Net argument). Fiz T, M > 0 and let § > 0. For eachi=1,...,4, let Ff be

a d=%-mesh of T';, chosen so that

09| < Cid®.
Set
[°:=T9 x 9 x I x Y.
Then .
| =TIl < Crd®,
=1

where Cp = H?Zl C; depends only on the fized contour I'.
Let S(t, z) denote either S(z|4q),2) or S(Xt,2), and suppose that

sup < e, (B.38)

0<t<Ts (S) AT

S(t, ) — S(0, -)—/0 F(-, S(s,-)) ds

I

where

v (S) i=1inf {t > 0: [|S(¢,-)||lr > M or B(t,S) ¢ U}, B(t,S) := 14j€243(t,z) dz.

(2m)
Then the approximate PDE residual bound (i) in Definition B.2.2 holds on the full contour T’

with error € + Cd~9, that is,

<e4Cd°.
T

sup
0<t < (S)AT

S(t, ) — S(0, -)—/O (-, S(s, ) ds

Here C = C(M,T.T, || K|op, || *|lc0, 7, L(I), L(h)) is positive and independent of d. Conse-
quently, if S also satisfies the derivative regularity condition (i), then S is an (e +Cd=%, M, T)-

approximate solution.
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Proof. We consider only S(t, z) = S(X¢, z) as the same argument will also hold for SGD. We
also will always work with the stopped process, that is, S(t A Tas, 2), where 73y = inf{t > 0
|S(t,-)||p = M}. To simplify the notation, we suppress the 73s and use S(t, 2).

First, we state some resolvent identities. One such resolvent identity gives

||R(Zi; DZ) — R(fi; Di)Hop < |Zi — EZ| HR(zl, D@)R(Z, DZ)H for any z;,z; € I';. (B.39)

op

Furthermore, by Neumann series and since |z;| > || D;||,, on each I';, we know that

1 1 o &Y
R(zi;D;) = (2i-1g — D;)” = = I — ;Di = Z ;Di ,
(A (A j=0 1

)

so then
1 i 1 1
IR (D)l < 7 ( >:. _ <C
Dl < 1 2 loo) = 1= LD, =D,
and we immediately get
sup |[R(zi; Di)lop < C(M, || K||op, [|87[c)- (B.40)

€l

These bounds will be useful later in the proof.

Next, with these bounds, we can get estimates on quantities involving S(t, ) where ¢ is
fixed and z varies. Fix z € T and let z € I's be such that |z; — ;| < d™° foreach i =1,--- ,4.

Then, using Lemma B.2.1 (and the stopping time 7j7), we obtain

4
_ C _ _
15, 2) = S, 2)[| < — IWell* > 125 — 2il 1R (i3 Di)llop, [1R(Zi3 Di)llo
i=1

B.41
<C|S(X, ) ||pd™? (B4)

<C-M-d°,
where we used the boundedness of the product contour I' in the last inequality.

Similarly, for any z € I', we have
1St 2)]l < IIWtII iy [|R(2i: D)l < CS(Xes)llp < C - M.

Since S(t, z) is a product of resolvents and ¢ < 73y, all finitely many z-derivatives appearing

in the terms defining F are uniformly bounded on I'. Hence each term

25 (0i%:) S(t, 2)
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is Lipschitz in z on I', with Lipschitz constant depending only on the stopped bounds and

the fixed contour. Thus, since z,z € I' and the contour I' is bounded,
|5 (OL18:) (805, 2)) = 2 (OL18:) (S(s,2)) | < € - M -a ™, (B.42)

where we used equations (B.15) and (B.41).
Now we are ready to prove the main result of the proposition. For a fixed ¢t < 75y and

z € T' with z € T'y such that |z; — 2| < d=9 foreachi=1,--- 4,

HS(t, ) — 50, 2) — /Ot F(z,S(s,-)) ds

< IS( 2) = St 2)[| + (150, 2) — 5(0, 2)]| +/Ot 1F(2,5(s,-)) = F(z,5(s, ) ds

+ Hs(u z) - 5(0,2) —/Ot‘f(zw S(s,)) ds

< CMd™°
+23 [ 1HBE - [ (O ($(6,) — (0118 (505,20 s
o [ IBE - | (019 (505, 9) - ¥ (0190 (505, 9)| ds

+e,
(B.43)

where the omitted terms are bounded in the same way, since F is a finite sum of terms of the
two forms in (B.5).

Here we used (B.41) to bound the first two terms in the first inequality and ¢ for the last
term by the assumption (B.38) in the statement. In the difference F(z, S(s,-)) — F(z, S(s, -)),
the coefficients depending only on s and on B(s) are identical. Thus the difference is controlled
by the variation in the monomial and coordinate-operator factor as z is replaced by Z.

As we have already shown that 2¢ (O7_,5;) (S(s,2)) is Lipschitz in z, we only need to
bound |I(B(s))| and ||H(B(s))||. We have already shown a uniform bound on |I(B(s))| and
||H(B(s))]|| in the proof of Proposition B.2.4. Notably, we showed that for s < 7j7, we have
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that |I(B(s))| < C(L(I),M,a) and ||H(B(s))|| < C(L(h), M, a).
Last, by taking the supremum over z € I' and then the supremum over 0 < ¢ < (7as A T)
on the left-hand-side of (B.43) and then using the bounds (B.41) and (B.42), yields the

result. O

It remains to verify the approximate-solution property for the two processes
t— S(Xy, z) and t S(w)a), 2)-

We do this by applying a Doob decomposition to each process and showing that the resulting
martingale terms are negligible.

To do so, it will be convenient to work directly with the stopped process xs#,, on the
iterates. Since 7;; is a time based on S-values, it is often difficult to apply to iterates of SGD
and homogenized SGD, so we introduce equivalent stopping times

Iy =inf{t > 0: é HWLthH2 > M or B (:ELth) ¢U} or (.40

1 .
Iy =inf{t >0 [We|[* > M or B (X;) ¢ U}.
We overload the notation 9y to be either applied to SGD iterates, x|;q) or homogenized
SGD iterates, X¢, for which it will be made clear in the context which criterion is used. These
stopping times are equivalent to 7ps (see Lemma B.2.1). Moreover, we often drop the M so
that ¥ = 9. It will be convenient to work with the stopped processes, xft 4] = Tld(tnd)) and

XY = Xipg-

B.3.1 Homogenized SGD Under the Resolvent Statistic S

We first verify the approximate-solution property for the homogenized process. Specifically,
we show that the resolvent statistic ¢ — S(X;, z) satisfies the partial integro-differential
equation (B.6) up to a martingale error, and that this martingale error is negligible uniformly
on the fixed contour.

With this, we recall homogenized SGD

dX; = —y(t)dVR(X:)dt + v(8)\/T (B(Xy)) (Vo(Xy)) " VK dBy,
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where X; is a stochastic process taking values in R?? with initial conditions X = o, and
d®B; is the differential of a standard Brownian motion in R%.

Along the homogenized trajectory, write

T

X
W= [0 () 15112 € B, and po= = [V aeme.

Vd | g
We study the homogenized process through the resolvent statistic
1
zeR¥ s S(z,2) = EW(SC)TQ(I‘, )W (x) € C¥3 for zeT cCh

We will show that S (X, z) is an approximate solution (B.2.2) to the partial integro-differential

equation (B.6) which we state below.

Proposition B.3.2 (Homogenized SGD is an approximate solution). Fiz T, M > 0 and
0<6<1/2. Then S(Xy,z2) is a (d=°, M, T)-approzimate solution w.o.p., that is,

<d™? w.0.p.
T

sup
0<t< (7 AT)

S(X0,) — S0, ) - /0 F(-.5(Xs, ) ds

The proof of this Proposition is deferred to Section B.3.1.

Doob Decomposition for Homogenized SGD

We begin by applying It calculus to homogenized SGD under smooth statistics ¢ : R?¢ — R.
Later, when applying the resulting identity to S(-, z), we apply it separately to Sie’z and
SLI;ZI’Z for each matrix entry.

Applying It6’s lemma, we deduce that
1
dp(Xy) = (Veo(Xe), dXe) + 5 (V2 (), (dXe)*?)

= —y(O)d(Vo(Xr), VR (X)) dt + v (t)/T (B(Xe))(Vep(Xy), (Vih(Xy)) T VK dBy)

y(t)?

M

1(BE) (Ve(x), (Vo) VE am,) ™).
(B.45)

We seck to simplify some of the terms in (B.45). For this, we flatten the second term in sum:

(Vep(2), (Vib(Xp)) T VE dBy) = (VY(Xy) T VK, Vip(Xe) (dBy) ) goaxa- (B.46)
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Next, we look at the second derivative term of ¢,
(W), (Vo) VEaB.)™) = (V2e(X), (VH@) KVy(X))di,  (BA7)

where we used the symmetry of v/ K. With this, we can now identify the martingale increment

for homogenized SGD,

dp(Xy) = = (1) d(Ve(Xy), VR(X:)) dt

+ 07 () (920, (T(0)) TR H(0) dt +AMISP (),

where dMIPSCD (¢) := v (£)\/T (BX)) (VY (X)) VK, Vio(Xy) (d%t)T>R2d><d. By integrat-

ing, we derive the Doob decomposition for ¢(X;)
t
P(00) = plan) = [ A()(TL), TR ds

45 [P BE)) (T (To00)TEVH@) ds+ [ dMESD (),
0 0

(B.48)

S(Xy, z) is an Approzimate Solution, Proof of Proposition B.3.2

The goal in this section is to prove Proposition B.3.2, that is, show that
1
S(Xy, 2) = gthQ(a;,z)wt € 33

is an approximate solution (B.2.2) to the partial integro-differential equation in (B.6).

The first step is to derive a closed equation for S(X¢, z) using It6 calculus.

It6 calculus applied to S(X;,z). Recall the expected risk R can be expressed as a
composition, R(X;) = h (B(X;)), for some function i: R3*3 — R and

1

B(X:) = 7

W/ KW, € R¥3,
A straightforward application of the chain rule shows that

R4 5 VR(X;) = (VB(X:), Vh (B(Xt)))gsxs

2

: (th (VX)) T K(X) + Vhar - (VX)) T KB + Vha - (Vr(X2)) " K]ld> .
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Using the product rule for [t6 derivatives, we obtain

dS = — y()d(VS(Xy, z), VR(X,)) dt + dAMISEP(8)

n ’Y(t)QI(B(x N (V28 (X, 2), (V(X) T KV(X,)) di
; 4 ty2), t t

= = ()d ((VuS (X, 2), VuR(Xe)) + (VoS (X, 2), VoR(Xe))) dt + dMEEP(S) (3 49)

2
+ 0 (300) [(725(0, ), K (Vup (0

+ 2(V2, (X, 2), (Vath (X)) KV(X0)) + (VES (X1, 2), K (Vo ()1 |t

Remark B.3.3 (Applying scalar formulas to S). The statistic S(z, z) is complex-valued:
S(x,z) € C33,

However, all scalar statistic formulas above were stated for real-valued functions ¢ : R?¢ — R.
Therefore, whenever we apply these formulas to .S, we apply them to the real-valued coordinate

functions

SReZ (1) := Re Sp(z,2), ST (x) := Im Sgp(, 2),

for each a,b € {1,2,3} and fixed z € T.
For example, we define the complex-valued HSGD martingale associated with S entrywise
by
(AMSEP(8)(2)) ,p 1= AMSEP (S30%) 4§ AMSEP (S33)

for

AMESCP (1) 1= (1) TBO(T(X0) T VE, VS (X, 2) (AB1) g,

and analogously for S(ILI;’Z.

Thus matrix-valued stochastic identities involving S are shorthand for the collection of
real-valued identities for the real and imaginary parts of its entries.

Similarly, we define

t
MISGD () /0 AMHESED(g).
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We consider the first term in the summation above, and plugging in VR and using

Lemma B.1.3, we have

2

75 (VI - (Xe) + Vho - 8 + Vhg - 1)

(C3><3 > <vuS(xtuz)7 VUR(xt)>Rd =

(X)) B 1y
(Vab(X))PKQ | 0 0 0
0 0 0

2
+ ﬁ(th - (X¢) + Vhay - B* 4 Vhgy - 1) "

P(X) 0 0
(Vub(X))’KQ | g 0 0

1, 00
2

75 (Vi - (Xe) + Vhoy - 5 + Vha, - 1q)"

+

(X)) B 1y
Vuh(Xy) diag((Xe)) K R (215 diag(Us)) 2 | 0 0 0
0 0 O

2
+ ﬁ(th p(X¢) 4+ Vhay - 8%+ Vhay - 1g) "

0 0 O
Vuh(Xy) diag(8*) K R (215 diag(Us)) Q2 | (X)) B* 14

0 0 0
2

+d2

(Vhit - (X)) 4+ Vhay - 85+ Vhs - 14) -

0 0 O
Vuth (X)) KR (21;diag(Uy)) Q| 0 0 0

Y(Xy) BT 1y

2 1
= "H" - -W] (Vb (X)) KOQW,

d d
£ 2W] (Vb (X)) KQW, - H
W] V() ding(6(X0) K R (1: ding(10,)) W,

ISHIN
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2
ZEn-HT.
—l—d 21

2
ZEn-HT-
+d 31

1
d
1
d

2

(C3><3 > <vys(xtvz)7vUR(xt)>Rd d

HT.

Wi Vuth(Xy) diag(8*) K R (21; diag(Us)) QW
W/ Vuth(X1) K R (21; diag(Uy)) QWy,

1

WL (Vo (X0))* KW,

2
+ W (Vo (X)) KQW, - H

d2
2 1 . .
+ 8HT : gwj Voo (Xy) diag(y(X;)) K R (22; diag(Vy)) QW;
2 1 . « .
+ gEm HT- ngvvw(xt) diag(8*) K R (z2; diag(V:)) QW
2 1
+ gE31 “H'. thTVv?/)(xt)KR(Zz; diag(Vy)) QWy,
for
Vih 0] 0
H(B(Xt)) = | Varh |00
V31h | 0] 0
Similarly for the second term we have
Y(X) B 14
2
<c3x39<vis(xt,z),K(vu¢(x))2>Rdxd:%n;.(vw(x))?fm O 0 o0
0 0 O
P(Xe) 00
2
%M-(VW(%))QKQ B 00
1, 0 0
Y(X) BT g
2 .
+ 500 - (Vu(2)* KR (z1:diagU)) 2| 0 0 0
0 0 O
(X)) 0 0
2 .
+ 504 - (Vutp (@)’ KR (21;diagW) 2 | g7 0 0
1, 0 0
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‘|‘3 0 0 0
0 0 0
Y(Xe) B 1a
P2 (Vub (@) KR Grsdias@)Q | 0 0 0
0 0 0
0 0 O
F2E)T (V@) KR (o ding(W))2 2 | g(x) 6* 1,
0 0 0
0 0 0
P 2] (V)P KR (sding@W)?Q | 0 0 0
V(Xe) B 14
= g B W] (Vb (X)) KOW,
+ 2q11$WI (Vutp(X1))* KQW; - B3y

1 .
+2FE3 - gwj (Vauth(X))® KR (21; diag(Uy)) QW,

1 .
+25W (Vuth (X)) KR (21; diag (W) QW - By

1
+2F; - gwj (Vuth (X)) KQW, - B3

1 :
+25W] (Vut(2))* KR (21; diag(Ur)* QW

C¥P 3 (V2,5(Xs, 2), (Vath(x) T KVyth(x))gaxa =

241215+ W] (Y (X)) (Vo (X)) KOW,

+ 20 3W] (Vb (X0)) (To (X)) KOW: - Fay

+ Big W] (Vb (X)) (Vo (60))* KR (o35 diag () W,

W] (Vg () (Vo (X0)* KR (21; ding (1)) OW, - By
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+ Big - W] (V) (Vuth (1)) K R (2 ding (V) OW,
1

+ dW;r (Vath(Xe))? (Votb(Xr)) K R (223 diag(Ve)) QW - Esy

W] (Vb ()2 (VX)) KOW, - By

W (Vuth (X)) (Voo (X)) KR (215 diag(Ue)) R (22; diag(Vy)) QWy,

1
d

1
C¥3 5 (V2S(Xy, 2), K (Vi () ) gaxa = 2qa2E13 - gwj (Vb (X,))? KQW,
1

thT (Voo (X)) KQW, - B3y

1 .
+2B13 - - W, (Vuth(Xy))” KR (22 diag(Vy)) QW
1

W (Voth (X)) KR (221 diag(V1)) QW; - By

1
+2F43 - thT (Voo (X)) KQW, - sy
1

W (Votb(2))” KR (22; diag(V1))* QW,.

+ 2q22
+ 2

+2
Now recall that
Vip(Xe) = [2q11 diag(Uy) + 2q12 diag(Vy) + 1114 212 diag(Uy) + 2g20 diag(Vy) + lo14) € RV
Accordingly, each term in (B.49) takes a form such as

—2y(t)HT - éW? diag(Uy)™ R(z1; diag(Uy))”
- diag (V)™ R (22; diag (V)" diag(8*)™* R (23; diag(8*)) K R (24; K )Wy,

or C(Q1)*I(B(Xy)) - %wj diag(Uy)™ R(z1; diag(Uy))”

- diag (V)™ R (22; diag(Vy))"* R (z3; diag(8*)) K R(24; K ) W;.

Expanding these terms and applying the Cauchy integral formula along each contour I';, we

write

0D) = 5= § 4R (D) de.

T 2mi
together with the standard resolvent identities,
2

d 1 d
R(zi;D)* = — R (z:Di) and R(zi; D) = 5 T2 B Di).
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It then follows that
dS(Xy, z) = F (2, 5(Xy, 2)) dt + dMISEP (), (B.50)

with Xp = xg, where the summands of F (2, S(X¢, 2)) are of the form

—2y()H - %Wz—zc ( ?:191-) (R (2i; D)Wy or

(B.51)
CQUUPIB) - W] 2 (OL1G:) (R (25 D)W,
for
d d?
Gi(R (25 Dy)) = % ?i q(z) R (zi; D;) dz, —d—ZiR(zi; D;), or % . @R(zi;Di).
’ Z (B.52)

We now prove Proposition B.3.2.

Proof of Proposition B.3.2. By It6’s Lemma, we have seen that

t t
ﬂ%JZﬂ%J+A3Tﬁ@wD®+AdM?®wmw»

Thus to show that S(X,-) is an approximate solution of the partial integro-differential
equation (B.6) it amounts to bounding the martingale term where C' is a positive constant
independent of d. For all z € I', we note that for some constants C,c > 0 we have
Verr < T < Yo (see Lemma B.2.1). Consequently, we can work with the stopped process

xf = X9 instead of using 757 We thus have that for all z € T’

< sup [IMEBEP(S(,2)))
Ogté(ﬂc.]w/\T)

sup
0<t< (7 AT)

S(Xy, z) — S(xo, 2) — /0 F(z,5(Xs,2)) ds

Fix a constant § > 0. Let I’ =T x T x T'§ x I'} where each I'? is a d~%-mesh of I'; with
IT%| < Crd* for positive Cr > 0 depending on 1K |, and [|87( -
By the martingale error proposition, Proposition B.3.8, which we have deferred the proof

to Section B.3.3, we have that for any 5>0

sup HM?&%&ASQ@))H < CL(f)d6/271/2 W.0.p.

0<t<T
By a union bound over z € T, using |F5 | < Crd*, the martingale bound holds uniformly on

'Y with overwhelming probability:

sup sup HMS\%GCPM(S(HZ))H < CL(H)d* 2 wop.
2l 0<t<T
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Consequently, we deduce that

sup
0t (P AT)

S(DCt,z)—S(xo,z)—/O F (2, 8(Xs, 2)) ds

I

< sup HM?SGD(S("Z))HDS

< C’L(f)dg/%l/2 w.0.p.

An application of the net argument, Lemma B.3.1, finishes the proof after setting §=1-26.

The derivative regularity condition (i) is automatic for t — S(X,-): for each fixed
trajectory, the dependence on z is through a finite product of resolvents on the fixed contour
I', and the resolvent derivative bounds from Remark B.2.3 give the required Lipschitz
control up to 7p7. Thus the estimate above verifies condition (ii), and hence S(X;,-) is an

(d=¢, M, T)-approximate solution. O

B.3.2 SGD Under the Resolvent Statistic S

In this section, we show that S (athdJ , z) is an approximate solution (B.2.2) to the partial

integro-differential equation (B.6) which we state below.

Proposition B.3.4 (SGD is an approximate solution). Fiz a T,M >0 and 0 < § < 1/2.

Then S (thdjyz) is a (d=%, M, T)-approzimate solution w.o.p., that is,

¢
sup S(x|1a,2) — S(20, 2) —/ ?(z,S(xLSdJ,z)) ds|| <d™0 w.o.p.
OgtS(‘f']\/[/\T) 0
The proof of this Proposition is deferred to Section B.3.2.
Recall our iterates satisfy the recurrence
tien = 2 = VoV (ks annn) = 2 = 25V f (0 (VO@w) aken (B5Y)
T
, V()
with ry = ﬁ 5 Oft1-

The derivation follows the martingale-decomposition strategy used in [21]. We first derive

a one-step martingale decomposition for a smooth scalar statistic ¢ : R2¢ — R. We later
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apply this decomposition to the real-valued coordinate functions Sﬁ)e’z and Sir;’z and then
recombine the resulting identities to obtain the complex matrix-valued decomposition for
S(x|1q), 2)-

Applying Taylor’s expansion, we have

2
o(xrs1) = o(zr) — W(Veo(ar), Vo ¥ (2g; apgr)) + %(VZSO(%)’ (Vo (g apg1)) %) + ...
= plax) - % (Veo(wr), Vo, f (1) - (Veb(ax) T - @)

, .
+ 25 (VEp(an), (Vi f () - (Van)) T arr) )+ EE ().

(B.54)

We will show in Section B.3.3 that the third and higher-order terms, 8,? 81 (), vanish

when d — oo.

Doob Decomposition for SGD
Recall that, for a Hessian A and vector v,

(A, v®?%) =T Av.
-
. . L . (k)
To write the Doob decomposition, the idea is to condition on ryp = 7 Glet1
6*
and Wy = [¢(z) | % | 14] € R¥3. For this, we will introduce some notation. Define the

o-algebras
Fri= o ({Wiho) € Gy =0 ({nidio, Wik -
Gradient term in Taylor expansion. First, consider the conditional expectation
with respect to Jj of the gradient term in equation (B.54). Note we can safely assume
the interchange of the gradient and the expectation in the risk formula R since a follows a

Gaussian distribution, and generally, this assumption holds true. Therefore, we have

B [(V6(@). Vo] (1) - (V) -0} 7] = (Vo). TR,

By applying Doob’s decomposition in this context, the gradient term takes the form

% (Vo(xn), Vo, f (rie) - (V(ak) " - arga) = e (Veo(a), VR(2r)) — AME™Y (o) (B.55)
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where AMSrad(gp) represents a martingale increment that tends to zero as d tends to infinity.
Hessian term in the Taylor expansion. Proceeding to the Hessian term in (B.54),
we initiate the analysis by conditioning first on Gy and subsequently on Fj, using the tower

property. A simple computation leads to

(V). (Vi f (i) - (Vo) - axn)” ) = (B.af2,),

where B := V., f (1) Vb () V20 () (Vb (1)) T. To proceed, we must evaluate

Eapy [<Ba a%i1>’gk] = <B7Eak+1 [a?—illgkb
2
= (B,Eq,, [(akﬂ — Eapps [ar411Ga])© ‘gk]> (B.56)
®2
+ <B7 (Eak+1 [ak+1|gk]) >
To establish the conditional distribution of ar; given ri, we invoke a standard condi-

tioning lemma, see e.g. [21].
Lemma B.3.5 (Gaussian conditioning). Let v ~ N(0, 1) and let Q € R¥?2 have orthonormal
columns. Then, conditional on Q" v, we have
vE (I -QQ g +QQ v
where g ~ N(0, 1) is independent of QT v. In particular,
Elv| Q"] =QQTv,  Cov(v|QTv)=1,—-QQ".

By Assumption 3.1.5, we write ax11 = VEKuv, with v, ~ N(0,1;), and express
¥(xk)
8
gular and invertible (obtained through QR decomposition, assuming 2 < d). Observe here

I .= QkQ; has rank 2.

VK

as QrRy, where Q; € R¥? is orthogonal and Ry, € R**? is upper trian-

T

Y(zk)

Consequently, we can simplify a1 as follows
/8*
T T

Y(zk) G = Y(xk) VRop = BT QT ur.

Eh B
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Applying the conditioning lemma, we derive

T

Ak+1 ¥ (@) Ak41 2 \/K’UIJQ;W
B*
D T T
=VK ((Id — QrQp )9k + QrQy Uk)

= VK (gr — Ijgx) + vV Ky,
where g ~ N (0, 1) is independent of Qka. From this, we have that
Eqy [ak+1]Gk] = VK,  where vy, ~ N(0, Iy). (B.57)
Moreover, the conditional covariance of ag is precisely
Eqy. s [(akJrl —Eay 4 [akﬂ\gk})@’gk] = VK (I; - ) VK. (B.58)
Thus, from (B.56) we have
Eop,, [(B.22)|64] = (8. K) — (BNVEIWE) + (B, (VE ) ). (B.59)
We will later see, in Section B.3.3, that the term
2 2 ®2
£ () 1= = 0L (B VEILWE) + 25 (B, (VR ) )

is of lower order in expectation and will disappear as d — co. So we may write
i ®2 i Hess
2 EaHl [(B’ ak+1>}?k] = 2 ]Eak+1 (B, K)|Fx] + Eak+1 [5k (@)}?k] .
Moreover, observe that
gL gl 2 2 T
T Bapy (B K)|Fi] = 25 Bay [V f ()T ] (Vo) V() (Vian) T, K)

= ;]EZI(B(S%)) (Vip(z) V(1) (Vo () T, K) (B.60)

2
~
= o [B(e)) (Vi(), (K, (Vep(r)) ™).
By applying Doob’s decomposition in this context, the Hessian term takes the form

®2

(V2p(@n), (Vo f () - (V@) - arin) ) =

l}g
2d

2
oL 1(B(@n)) (V2 (i), (K, (V@) *) + AME(0) + Bay,, [E5 ()| 53]

(B.61)
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where AMI,;Iess(go) represents a martingale increment that tends to zero as d tends to infinity.
We have successfully identified the martingale increments of a single update of SGD, that

is, by (B.55) and (B.61) in the Taylor expansion (B.54)

P(Tps1) = w(m ) = (Veo(ar), VR(wx)) + AME™(p)
2d I( (21)) (Vp(ar), (K, (Vip(21)) %)) + AMGI () (B.62)
+ Eflk+1 [EH%S )‘Stk] +Eak+1 [gl?igh(@)’?k} ;

where the error terms look like

AMEF() = (Vip(ow), VR(2k) = T (Tp(k), T () - (T(a)) " - s
%}

AMY () = ;§<v2 (@), (Voud () - (V) ) )
def (ri)? Vo (ax) V() (Vo (ap) T, VETIRVE)

- B, [P etan). (Vo ) (Vo) o) )

EN () =

4 509, (1) V() V() (T(a) T (VT ™)

We now pass from the one-step decomposition to the continuous-time embedding. For ¢ > 0,
write
Uz

= |td tg = —.
L Jv d d

Thus 0 <t —tg < 1/d and z|4q) = Tp,.
Define the predictable drift integrand

2
Aj(p) == —dn; (Vo(xj), VR(z5)) + %I(B(wj)) (V2g()), (K, (Vib(x;))%%))

Equivalently, the predictable part of one SGD step is (1/d)A;(y). Let
AD(s) = Apa)(0)

be its piecewise-constant interpolation. Then



Therefore,

where the mesh error is
t
mesh )y = —/t Agod)(s) ds.
d

Since t — tq < 1/d, we have

o] < g s, 4969

Using the one-step decomposition above, we obtain

Pletay) = elao) / AL () ds + M) + MET ()

[td|—1
+ Z IE‘lj+1 [ngeSS )“rfj] + Z Eaj+1 [g]ngh
=0 =0
where
[td|—1
Mﬁiﬁd Z AMGrad( )7 Mﬁ?isjs
7=0

1 ! (d) mesh
> JAe) = [ AD () s+ ),
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‘ﬂjtgmesh( ). (B.63)

td]—1

Z AMHGSS( )

In Section B.3.3, we prove that the error terms in (B.63) are negligible as d — co. The

other two terms in fot Agod)(s) ds survive the limit. Next, we show that SGD on S is an

(e, M, T)-approximate solution.

S (ZBLth , z) is an Approzimate Solution, Proof of Proposition B.3./

The goal in this section is to prove Proposition B.3.4, that is, show that

1
S (thdjwz) = gWL—trdJQ (.’L’Lth,Z) W\_th S C3><3

is an approximate solution to the partial integro-differential equation (B.6).

Proof of Proposition B.3.4. Applying the preceding real-valued identity to the real and

imaginary parts of each matrix entry of S(-, z), and then recombining, yields

t
§ (@11, 2) :S(f’fo’zﬂ/o F (2,82 sa, 2)) ds + MGRS) + MG (S)
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[ta] 1 Ltd] 1
+ Z Eaj+1 [EJHGSS(S) ‘ Stj] + Z EajJrl |:5]H1gh ‘:}r } + gmesh( )
Jj=0 =0

Thus to show that S (m td] s z) is an approximate solution of the partial integro-differential
equation (B.6) it suffices to bound the martingales and error terms where C' is a positive

constant independent of d. We thus have for all z € I', the estimate

t
sup ’S (ZELth,Z) — S (zo, 2) —/ ?(Z,S(aztsdpz)) ds
Oétg(ﬁw/\T) 0
< s o]
Ogtg(f']\/j/\T) o<t TM/\T
[td]—1 [td]—1
+ E. ., [E2e(9)|F,]|| + Ea., |E18"(9)|F;
Oétés(lj“—g/\T) ]Z; o [ ! ( )‘ ]] ogtgs(gg/\:r) jz;) A [ J ( )‘ 7}

+ sup 5,{“'3511(8) H )
0<t<(#p AT)

Next, fix a constant § > 0. Let T° = I'{ x I'§ x I'y x I'{ where each T is a d~%-mesh of
I'; with [T < Crd* for positive Cr > 0 depending on K|y, and [[8*][o. For all z € T,
we note that for some constants C,c¢ > 0 we have Y. < Ty < Yo (see Lemma B.2.1).
Consequently, we evaluate the error with the stopped process mfd = Tigng instead of using
7ar- By the martingale error propositions, Proposition B.3.9 and B.3.10, the proofs of which
are deferred to Section B.3.3, we have for any 6 > 0 the estimates

_24a §
sup. sup [ MES oy (SC 2| < a5 wop,
2€ 0<t<T

and Zs;g OiltlfT HMﬁiSASﬂC_M)dJ(S(~,z))H <d O+ o

In addition, for the Hessian and higher order terms errors, by Propositions B.3.11
and B.3.12, the proofs of which are deferred to Sections B.3.3 and B.3.3, we have

LEAYc.a)d] -1

Eap, [EF(9)|F;]|| < Cd™ w.op.,
ity g e lETORl s e

L(t/\ﬁc.l\/j)dj —1

and sup sup Z HEak+1 [Sjl.{igh(S)‘&"j] H <Cd 2 w.o.p.
ZEF6 Ogth jZO

[N
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The mesh error is the contribution of the last fractional time interval:

[td]

t
) = - [ (e S, )ds, ta= L

Hence, since 0 <t — ty < 1/d,

mes 1
w OO <G s S )l

OStS(f'M/\T Sg(f'M/\T
Last we show that in the stopped interval, the right-hand side is bounded by Cd~!. For any

0<s< (T AT), we have
152, S g, 2DI| < 3C[H (Blapsap) |- |2 (OL195) (S 2))|

+ 7201 (Bapa)l|- |2 (O848 (S, 2| + -

such that B(z|y)) = ﬁfrm‘ S(x|sa),2)dz. Next, plugging equations (B.10), (B.15),
(B.17), and

|5 (OR191) (S(@ 100y, 2))|| < CUT - [(O1G) (S(@say 2))

)

we know there is a positive constant C' = C(L(h), L(1), 7, [|K||op  [18* [l oo » M, @), such that
HCF(',S(azlsdJ, ))HF < C. Therefore,
sup Hg;nesh(S)(.)H <od . (B.64)
0<t< (Far AT r
Consequently, combining all the errors, we deduce that for some C' > 0, which does not
depend on d,

) < Cdd/2-1/2 W.0.p.
r

sup
0<t<(FmAT)

¢
S (JULtdij) — S (xg,2) — /0 St(z,S(stdJ,z)) ds

An application of the net argument, Lemma B.3.1, finishes the proof after setting b=1-26
for § € (0,1/2).

The derivative regularity condition (i) is automatic for the continuous-time embedding
t— S (:L‘W 15 -): for each fixed trajectory, the dependence on z is through a finite product of
resolvents on the fixed contour I', and the resolvent derivative bounds from Remark B.2.3
give the required Lipschitz control up to 7p;. Thus the estimate above verifies condition (ii),

and hence S(x;q),-) is an (d~°, M, T)-approximate solution. O]
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B.3.3  Error Bounds
Recall that we are interested in the statistic
Sz, 2) = éW(x)TQ(:U,z)W(:U) € CH<3,
where
W(z) = [¢(x) | 8* | 14] € R

and §(z, z) is defined in (3.18). Throughout this section, the contour I" is as in Remark 3.3.3.
We control the error terms arising in the comparison between SGD and homogenized SGD
under S, with F given by the partial integro-differential equation (B.6). All estimates
are taken on the stopped event where [|7|;4)[lcc and [[X¢|oc remain uniformly bounded for
0 <t <T (see Assumption 3.3.1). Constants may depend on this bound, but not on d.

Before proceeding, we present some bounds on the derivatives of S.

Lemma B.3.6. There exist constants ¢, C > 0 such that, for large enough d, the following
hold:

c C
C W < st e < S 1w,
C(||lx
1925, )l < SWl) gy

and HV%S(Q?, )HF < ———=

Proof. The first result follows from the proof of Lemma B.2.1.

For the derivative, observe that

Idiag (s (2))llop = [¥(2) ]l = max|yi(z)] < 2[|Q) 5 + el lellog + el . (B.65)
Moreover, by Lemma B.1.1, we have

IVuto (@)l = 112q11 diag(w) + 2q12 diag(v) + hlally, < 2V2 |2 + |1l
(B.66)

IVoto (@) lop = 112012 diag(u) + 2g22 diag(v) + la1ally, < 2v2 ||z + 2] -
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Taking norms on Lemma B.1.3 and using that sup, cp, || R (2i; Di)||,, < 2, the second result

()
follows.

Analogously, for the Hessian, the bound immediately follows. O

Consequently, the same bounds hold for the real-valued coordinate functions Sgbe’z and
Sirgl’z, uniformly in a,b € {1,2,3} and z € T.

To control the errors, we will need to make an a priori estimate that effectively shows
that the iterates of homogenized SGD and SGD remain bounded. Thus, recall our definition,
for fixed M > 0, of the stopping times

. 1 2
79M = ll’lf{t =2 0: g HWUdJH > M or B (thdj) ¢ Z/{} or
1 (B.67)
Iy =inf{t >0 [We|[? > M or B(X;) ¢ U},
depending on whether we are working with SGD iterates or homogenized SGD iterates. We
often drop the M so that 9 := 9. It will be convenient to work with the stopped processes,
W[i a1 = Witanya) and WY = Wipg.

Remark B.3.7. The stopping time 737 = inf{t > 0 : HS(QCLth’Z)Hr > M or B(wq)) ¢ U}
and 7y = inf{t > 0 : ||S(Xy, 2)|lp > M or B(X;) ¢ U} are related to ¥y by positive

constants ¢, C' > 0, Ye.pr < 7ar < 9o (see Lemma B.3.6).

In the remainder of this section, we establish a series of propositions that provide bounds
on the martingale terms arising from both homogenized SGD and SGD. Throughout the
proofs below, C' denotes a positive constant independent of d. It may depend on L(h), L(I),
¥, T, | Klops |B*]loo, M, and «a, and may change from line to line and not necessarily be the

same as the constant C' in Lemma B.3.6.

Homogenized SGD Martingale Error

In this section we control the martingale that arises in homogenized SGD, that is, for a test

function p: R2? — R, define

MISED () = /0 AMISED () = /O V()T (BX){(VE(XL)) ' VK, Vp(Xs) (dB,) ).
(B.68)
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As introduced in Remark B.3.3, we are interested in controlling MISGP(S(., 2)).

To control the fluctuations of this martingale, we need to control its quadratic variation,
defined as follows. Consider a partition of time for [0,¢], that is, 0 =tg <1 < -+ <t, =1
such that the size of the partition At = max;{t; —t;—1} — 0. We define for the continuous

process Y, .

Vi) = > (Y, = Vi, ,)”

k=1
If, for every partition of time [0,¢] such that At — 0, the process [Y;(n)] converges in

probability to a process [Y;] as n — oo, we call [Y;] the quadratic variation of Y. Using the
quadratic variation of MHSGP | we will show that the martingale arising from homogenized

SGD is small.

Proposition B.3.8 (Homogenized SGD martingale small). Suppose f: R? — R is a-pseudo-
Lipschitz with constant L(f) (see Assumption 3.1.4). Let the statistic S: R?*¢ xI' C
R24 xC* — C3*3 be defined as in (3.19). Then for each fired z € T' and each T, > 0, there

is some constant C such that, with overwhelming probability,

sup [|MESSP(S (-, 2))|| < CL(f)ds/* 12, (B.69)

0<t<T

Proof. Fix indices 4, j € {1,2,3}. Let ¢ denote either
o(r) = Sge’z(m) = Re Sjj(z, 2)
or
o) = SE* (@) = T Sy (s, 2).
We prove the scalar estimate for this real-valued ¢. The corresponding matrix-valued estimate
for S(-, z) follows by applying the same bound to all real and imaginary parts and taking

a finite union bound over the 3 x 3 entries. First, we rewrite the martingale increment,

dMHSED " ag
AMESED () = () TBED (V) VE, Vop(Xr,2) (@B) Dgaws.  (BT0)
The quadratic variation of MSGP is

[MESCP ()] = /O ) T (BE)| [[(Vap(Xer2), V() VEgaa| ds. (B7)
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We need to compute supyc,<p [MISP (¢)] and show that this quantity is small. In

particular, we only need to show that the integrand is small. For this, we see that

2
(T2, 2), V() TVE | < 1Kl IV, IVaip(Xe, 2

Using (B.66), we have that [[V4)(Xs)l|,, < C(|[¥Xs]ls). By Lemma B.3.6, we have a bound on
IVap(Xs, 2)|| < ||VaS(Xs, )|l < % ||Ws||. From Lemma B.1.6, the growth condition
on |1 (B(Xy))| = Eal|Vr, f(ps)[] yields

T(BX,) H<vzso<xs,z>,vw<xs>Tx/?>Ru 2

C(1% ) 12 o) "
< AL wipiwie (1+ i ) (B.72)
< C(Ilﬂfisloo)(L(f)) (H\ﬁ)max{l?a}
Thus, (B.71) and (B.72), together
sup [MESS ()] < OO 72 d " (8.73)

0<t<T

Using the fact that if supgc,cp [MISFP (¢)] < ba.s. then P {supogth ‘Mg\SﬁGD () ‘ > p} <
exp(—p?/2b), for any ¢ > 0 and p = VCL(f)d*/?>1/2,
P [ sup ‘M%GD( )) > p} < Cexp(—d°).
0<t<T
Applying the scalar bound to the real and imaginary parts of all nine entries of S(,2)
and taking a finite union bound gives the displayed matrix norm bound. Since the matrix

dimension is fixed, this only changes the constant. O

Bounds on the Martingales ./\/lkGrad and ./\/lI,;Iess

Now we move on to the martingale increments coming from SGD applied to test functions ¢.

Recall, the expressions for the martingale increments for any quartic statistics ¢

AMG () = (Vion), VR(2w) = T (Vip(an), Vo () (Tar)) " - ana)

M=) = T (0200, (T, () - (V@) - ) )
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2
a %Eak-&-l [<v290(37k)7 (Vrlf (rg) - (V¢(mk))T . ak+1>®2>

A

with

§=0
Proposition B.3.9 (Gradient martingale). Suppose f: R* — R is a-pseudo-Lipschitz with
constant L(f) (see Assumption 3.1.4). Let the statistic S: R* xT' ¢ R% xC* — C3*3
be defined as in (3.19). Then for each fizred z € T' and each T,( > 0, with overwhelming

probability,
r _ 24«
sup | M) (SC.2)|| < a5 (B.74)

0<t<T

Proof. Fix indices i, j € {1,2,3}. Let ¢ denote either
o(r) = Sg-e’z(:c) = Re Sjj(z, 2)

or

o(x) = Slljmz(x) =1Im S;j(z, 2).

We prove the scalar estimate for this real-valued . The corresponding matrix-valued estimate
for S(-, z) follows by applying the same bound to all real and imaginary parts and taking
a finite union bound over the 3 x 3 entries. Throughout the proof of this proposition, we
will be working on the stopped version of the martingale, Mﬁlr(at(/l\ 9] However, to lighten the

notation, we will suppress the ¥ dependence in the subscript as well as the ¢ and simply

write Mﬁfl"jd = Mﬁf@iﬁ) | (p). We have the martingale increments

AME™ = 3 (Vo (ar), VR(21)) — 2 (Vp(ar), Vi f (1) - (Vi) T - apsn)

Vd
= T B [(V0(00), Vi () - (Vi) i) [
- % (Veo(ar), Vo f (r) - (Vip(ar)) T - apsr)

= J By [(Volan), (V0) - ki) Vi f ()]

- % (Veolar), (V(ax) " - ars1) Vi f (1) -
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We define Mgrad’ﬁ to be a new martingale with increments

AM = 2By [Proj .y (Ve(an), (Vi) - aen) Ve f o Proj g (rv)[ 5]

_ Ok

Vd

where we note that there are two projections and the projection of r; is in both coordinates

Proj, 4 ,(Vee(ar), (Vop(21)) " - ar41) Vi, f o Proj 3 (1),

B

of R?, even though the gradient V,, f is only with respect to the first coordinate. We take
f = d° in the projection radius for some ¢ > 0 to be determined later. We will bound
Mgrad’ﬂ first, and then bound the difference between Mgrad and Mgrad’ﬁ .

We begin by computing subgaussian bounds on the quantities that are going to be
projected, namely rj, and (Vip(z,), (Vep(zx)) " - apy1). For the purposes of this section, when
we refer to a vector as subgaussian, we mean that its entries individually satisfy the stated
subgaussian concentration bound. We can rewrite the quantities r, and (Vip(x), (Vab(2p)) " -
Ak+1) as

T T

1 [ ¥(xx) 1 [ ¥(xk)
a = —— VEKuv, and
Nz 5 k+1 Nz 5 k ©.75)

T =

(Vo(ar), (Vib(zr) " - arp1) = (VK - Vip(ar) - Vi), vi),

SO Ty 18 % H\/E o 1/1(;/%) - subgaussian and (Ve (z1), (Vi (2x)) T -apy 1) is H\/E o
IV @) oy - V() |, - subgaussian where
V@) lop = VS5, 2y < 198, Y < CUE)
by Lemma B.3.6, and v(a) AVY (@)l < Clllzklls) by (B.65) and (B.66). Thus,
g

op
since we are working on the stopped processes,

Irslly, = d30(anle) and |[(Vean). (Vo) - ain)|| | = d 3C( o). (B.76)

These subgaussian bounds will be used to bound the difference between Mgrad and Mgrad’ﬁ )
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Furthermore, leveraging the projections and the fact that f is a-pseudo-Lipschitz, which

implies the growth bound on V,, f(r) in Lemma B.1.6, we can derive the norm bounds

Vioif o Proj_y ()| < L(NC(L+ a2yt (B77)

Proj, y,(Ve(an). (V(en) - axia)| < d~25. (B.79)

This gives us the bound

[Proj,y ,(Vip(an), (Vo)) - an)Visf 0 Proj,y | (r)| < L(HC 557 (B.79)

and, since this is an almost sure bound, it holds for the expectation as well, and we get

AME| < amr(f)ca 5 g,

Applying Azuma’s inequality with the assumption n = O(d), we obtain

2 2
Grad,8 —t < —t
12122,1]? HM’“ ‘ ” t} < 2exp (2n . (Cd—“fﬁﬂa)z) S 2exp (C”d—(2+a)ﬁ2(2+a)> '

Thus, with overwhelming probability,

sup Mfradﬁ‘ < d e, (B.80)

1<k<n

Finally, we bound the difference between {M§Tad}n_ ~and {./\/lkGrad’B }t_,. For ease of

notation, we write

Gp = % (Veo(ar), (Vo) - arsr) Vi f (1)

% Projdf%B<Vgo(xk), (Vip(z) " - apy1) Vo, f © Projd,%ﬁ (rx) -

The quantity we are trying to bound is

Grp =

AMErad _ AMkGrad,ﬁ

= ‘(Gk —Eapiy Gk) - (Gkﬁ —Ea 4 Gk,ﬁ)’

< |Gk - Gk,ﬁ‘ =+ ‘Eakﬂ (Gk - Gk,ﬁ)’ :

First, we will show that G, — G}, g = 0 with overwhelming probability. Using the subgaussian
bounds on 7 and (Ve (2r), (Vi (21)) " - apy1), we have

P (G # Cipl <P [[Irsll > d735] + B [| (Vo). (Van) | - ain)| > d 35



167

2
< 4dexp <_2ﬁC> .

Since 3 = d¢ for some ¢ > 0, the probability bounds above imply that G, — G p = 0 with
overwhelming probability, and it remains to bound the difference in their expectations. For

this, we have
‘Eak+1 [Gk - Gkﬁ]’ = |Eak+1 [(Gk - Gkﬂ) ’ ]I{Gk 7& Gk,ﬂ}”
< |Eak+1 [Gk ’ ]l{Gk 7é Gkﬁ}H + ‘Eak+1 [Gk,ﬂ ’ ]I{Gk 7é Gkﬂ}H .

For ’Eak“ (Grp - 1{Gk # Gig}]

, we have

By, [Gryp - L{Gk # Gig}]l| < max|Grgl|-P[Gr # G 3]

24a B2
< L(f)Cd™ 2 B3 . 4exp <—2C> .

For \Eam Gy - 1{G) # Grp}]

, we have

}Eak+1 [Gk : ]l{Gk 7& Gk,B}H < Eak+1 |Gk : ]I{E1}|
+ EakJrl |Gk : ]I{EZH

+ Eak+1 G- 1{E3},

where By = {[lr]| < 428} N {|{Vp(wn). (Vib(ai) " - axsn)| > 478},
By = {llrell > d~38} 0 {| (Vio(an), (Voon)) " - axi)| < a2 5},

By = {llrell > d™% 8} 1 {|(Veplan), (Veh(an)) T - ane)| > d738).

The term E,, , |Gk - 1{E1}| can be bounded as

Af+1

Eak+1 ’Gk . ]l{El}| < L(f)C(d*%/B)maX{l,a}'

Eova [[(Ve(@e) (V@) - an)| - 1| (Viplan), (V@) T - anan)| > 478}

where the expectation on the right-hand side is exponentially small due to being a tail of a

sub-gaussian first moment (where 32 is larger than the sub-gaussian variance and grows with
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d). By similar reasoning, Eq,_, |Gy - 1{E>}| is also exponentially small (using the growth
bound on V,, f). For E,, ., |Gy - 1{E3}|, we have
Eoy |Gr - 1B} € 25 By, [ [V f (r) - 2rel) > 4728
Vd
1
[(Velwn), (Vo) - a) - 1| (Velaw), (Vo (@) - ae)| > d738}] |

2
< I B, |[Vouf () - W{rel] > a3

\/& Ak+1
(Veolan), (V)T an) - 1| (Veolan), (V)T an)| > a3

]EakJrl

This is a product of tails of Gaussian moments, which is again exponentially small. Thus, we

AMgrad o AMSrad’ﬁ

conclude that, with overwhelming probability, sup;<x<, is exponen-

tially small and thus, taking § = d¢, we conclude that, with overwhelming probability,

< 4GBt

sup ./\/IS“Ld

1<k<n

Adjusting the value of (, recalling that all of this has been proved on the stopped process,
and applying the scalar bound to the real and imaginary parts of all nine entries of S(-, 2)
and taking a finite union bound gives the displayed matrix norm bound. Since the matrix

dimension is fixed, this only changes the constant. O

Proposition B.3.10 (Hessian martingale). Suppose f: R? — R is a-pseudo-Lipschitz with
constant L(f) (see Assumption 3.1.4). Let the statistic S: R* xT' ¢ R% xC* — C3*3
be defined as in (3.19). Then for each fized z € T' and each T,( > 0, with overwhelming
probability,

sup | Mg (S, 2))| < d- T, (B.81)

0<t<T
Proof. As in the proof of the previous proposition, we will work on the stopped version of
the martingale but will suppress the 19 dependence in the subscript in order to lighten the

notation. We also, as before, let ¢ denote either
o(z) = Sge’z(:v) = Re S;j(z, 2)

or

o(z) = Slljmz(ac) = Im S;;(z, 2).
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We have the martingale increment

Ao = 2d<v2 pla), (Vo f () (V) ain) )

;jj, Bavos [ (V2(a1), (VS () (V)T anr) ™)

)
“ 2 (19w, [(96(0)) ]~ 220 (Vi f ()

- 2 (9t [V ) ) (97 (0

3"4 .
We define Ml,jess’ﬁ to be a new martingale with increments

Hessﬁ ’Yk 2 T ®2 2
AMS = TE Proj Ly (92 p(ae), [(Vee) | )afy) (Ve o Proj,y (i)

B ;@Eakﬂ [Projd_%ﬁ«v%(xk), [(V¢(xk))T}®2> ag?)) (me Proj _ ” (W))z

a

The approach here is similar to the procedure for bounding Mgrad. As we saw in the proof

(g
of the previous Proposition, ry, is —= . () —subgaussian in each entry. To
op *
s o
obtain a concentration bound for ((VZp(zy), [(Vip(zk)) "] ®2) aff_fﬁ we rewrite it as

V(). [V T] ) = (T, [(To@)T] ), (ﬂ?vkﬂ)®2>
= ((V%(an), (Vi) TVE] )2,
where the vector vy, has independent standard gaussian entries. Since V2p(x;) € R2¥2? and

®2 ®2
(Vo) TVE] € R )22, we get (Vp(ay), [(Vo(m) TVE] ) € R
Moreover, by Lemma B.3.6 and (B.66), we have

22 C(ll7xlls)
7ot (0@ VE] )| < 1Kl 19001, - 9ol < S
op
so by Hanson-Wright inequality we obtain that, for large enough ¢,
P (7 pten). (V0@ VE] 702 >
2
< 2exp —Cmin{ t 55 t }

®2
(V2p(a), (Vo) TVE] )

®2
w2t (700 TVE]

op
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Using the fact that

2 2

Cllzrllo)

< d ;

|(72otan. (900 ™VE] ™)

< (et [(Vutan™VE] )

op
we conclude that

d- min{t2,t}> ‘

P ||t [Tty VE] 702 c

> t] < 2exp (—
In particular, this tells us that, for any ¢ > 0,

< d*%‘l’(

(ot (0] a2

with overwhelming probability.
Having obtained concentration bounds for rj and ((VZp(xy), [(Vz/z(a:k))T]m) a%ﬁl) we

Hess, 3

proceed to bound M and show that it is close to MI,;I"SS. From the projections and the

growth bound on V,, f in Lemma B.1.6, we can derive the norm bounds
. 2 -1 max{1l,a} 2
Vi f o Proj, () |* < (L(HCQA+d 3gym=<ieh)” (Bus2)

<d 3B, (B.83)

Projd_%ﬂ<(v290(xk), {(Vl/)(%k))—r] ®2> a%«iﬁ

and thus

Projd_%ﬁ«VQcp(xk), {(VﬂJ(ﬂfk))T}@% ak+1> <lefOPron Y )>2

3+2a

B
<(L(f)C)Pd "2 potae.

Since this is an almost sure bound, it holds for the expectation as well and we get

5+2°‘ 53+2a

AM=P| <R (Lpe)?a

Applying Azuma’s inequality with n = O(d), we obtain

2 2
su P[MHBSSB >t} < 2ex < 2ex
1<k13n | | b n- (Cd e ,33+20‘>2 ’ C'd~2(2+e) g2(3+20)
so, with overwhelming probability,
Sup Mgessﬁ‘ < d—(2+o¢)54+2a. (B.84>

1<k<n
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It remains only to bound the difference between {Mess}n_and {MHeSS"B }i—q- This follows
a very similar argument to what was in the proof of Proposition B.3.9, we write

2
Gr 1= 2k (V% p(a), [(Vo@)T| ), a2} (T f (0)?
2

G = 2k Projy ((V%e(ax), [(Vee)T] ™), ag2) (T f o Proi,y ()

The quantity we are trying to bound is

AMIIEBSS — AMEessvﬁ‘ - ‘(Gk —Eay 4 Gk) - (Gkﬁ — Eq,, Gk,ﬁ)}

< |Gy = Grgl + [Eayyy (G — Grp)l -

As in the proof of Proposition B.3.9, the first of the terms on the right-hand side is 0 with
overwhelming probability, while the second is exponentially small. Computing the bound for
|Eay,1 (Gk — Gi,g)| is similar to what was done in the previous proof and is not repeated

here. To see that |G\, — Gj g| = 0 with overwhelming probability, we write

P[Gx # Gipl < Pllrell > d 28] + P['«v%(xk), (o] ) 02| > a4

< 2exp (—5;) + 2exp (—W) .

Thus, ./\/lI,;Iess — M?GSS’B ‘ is exponentially small with overwhelming probability. Using (B.84)

and setting [ to be an arbitrarily small power of d, we obtain that, with overwhelming

probability,

sup ’MHess| <d (2+a)+C(4+2a)
1<k<n

Adjusting the value of (, recalling that all of this has been proved on the stopped process,
and applying the scalar bound to the real and imaginary parts of all nine entries of S(-, 2)
and taking a finite union bound gives the displayed matrix norm bound. Since the matrix

dimension is fixed, this only changes the constant. O
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Bounds on the Higher Order Error Term in the Taylor Expansion, StHigh

This section is devoted to showing that the high-order terms (third and higher-order terms
derived in the Taylor expansion of the statistic ¢) are negligible. Recall the third-order

derivative in the Taylor expansion (B.54) is

Ok

1
5 /0 (1= 8)2V30(xp — i 8 Vo apsr))s (Va0 (@ aprr)) =) ds. (B.85)

At first glance, these error terms look, in terms of d, large due to the tensor (VoW (zx; ags1))®?,

but the scaling will be sufficient to control this term.

Proposition B.3.11 (Higher-order error term). Suppose f: R? — R is a-pseudo-Lipschitz
with constant L(f) (see Assumption 3.1.4). Let the statistic S: R?? xI' ¢ R?¢ xC* — C3*3
be defined as in (3.19). Then for each fizred z € T' and each T > 0, with overwhelming

probability,
L(tA9)d] -1 _
s > | Bay, [S(S( )T | < cat2 (B.86)
0T 1

Proof. Fix indices i, j € {1,2,3}. Let ¢ denote either
o(r) = Sge’z(x) = Re Sjj(z, 2)

or

o(x) = Sllflz(x) =1Im S;j(z, 2).

We prove the scalar estimate for this real-valued . The corresponding matrix-valued estimate
for S(-, z) follows by applying the same bound to all real and imaginary parts and taking a
finite union bound over the 3 x 3 entries. First, because v; and the diagonal resolvents depend
only on the coordinate pair (u;,v;), the third derivative of each entry of S is supported only
on triples of derivative indices belonging to the same coordinate pair, so the inner product in

(B.85) can be simplified as

(V3(z1, — 1 8 Vo U (25 agi1)), (Vo U (zr; agp1)) )

2d

= D (Volaer — s Vol(ars 1)) (Vo (@n)y, (Vo l(a); (Vo (),
hyi,j=1
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d
> (Ve — i s Vol (ap; +1))) i (Va ¥ (2k)), (Va¥(zg)); (Vo (k)

h=1
i,j€{h,h+d}

2d
+ > (V(ok — ks Vel (ag; a41))) iy (Va¥ (k) (Va ¥ (zr)); (Vo ¥(zk)); -

h=d+1
i,je{h,h—d}

Moreover, a simple computation shows that, for any 0 < s < 1, we have

o S%an (re) (Vob(21) T )

< el + 2 9 ) [(F@) T o

If we write apy1 = VEKvy, with vy ~ N(0, I), then by (B.66) we have that, with overwhelming

|z — % 8 VoW (213 aps1) |l =

probability,

|(vo@) T annl| = || (Vo) VEu|| < IV, [VE]| sl < Ol ) V.

Additionally, by Lemma B.1.6,

1 max{1l,a}
90 £(r0)] < C@L) (14 = K2 i o,

Thus, for any k < (t A 9)d, we get

2k — Y% 8 Ve (2r; ap11) [l oo < Cll21] 50 )5

where C'is a constant depending on 7, || K||,,, L(f), and «, but independent of d.

Next, we know

1 C
Ve — s Vel g )| € 5O — e Vellgsagpn)lon) < CUEs)
’( hij d d
and so
(V3 =5 Vo (ks ain), (Vo (s a41) ™)
d
C(||x
< AUl 5 | (9w s ags ) (VaW s o), (VeW (g aen), |
igelmhtd)
Clllzrls) 5
e S (Ve W@ ana)y (VoW (e ae)), (Vo¥(@ns ar)); |
h=d+1

i,je{h,h—d}
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with overwhelming probability.

Furthermore, we can bound

(Vo (ks aks1))p (Vo ¥ (zr; artr)); (Ve ¥(zg; akt1)); “‘Tk}

= V) B [[ (Vi f (1) (k) () o) 193]

where

Eouar || (Frif 00)® (@) (@xe); (an) || 9]

< \/E (90, (74))° 53] \/E (@)} (ar10)? (aps0)’

max{1,6a}
) QK.

< \/ C(a)(L(f))S (1 + 7 RSl

Therefore, noting that k£ < (¢ A 9)d and using (B.66), yields

Clllonll)

(Vo U (zg; ap1))p, (Ve ¥(@ns agt1)); (Vo (ks agt1)) ; Mfﬂc] < N

IE’ak+1 |:

Consequently, for any k < (¢t A ¥)d, the quantity

5]

3 1
Bue [ [ (= 5 ok = 205 Voo aa)) (V2 s ) ) s

is bounded by C(||z¢|l,.)/(dV/d). Summing over at most T'd indices gives

L(tA®)d]—1 - o,
pr B [ ]| <o

Applying the scalar bound to the real and imaginary parts of all nine entries of S(, z)
and taking a finite union bound gives the displayed matrix norm bound. Since the matrix
dimension is fixed, this only changes the constant. Thus the third-order Taylor remainder in

(B.54) vanish when d grows large after summing up over k. O

Bounds on the Lower Order Terms in the Hessian, EP

We now bound the error term, supgc;<r Zk i1 EHeSS‘fT‘"k] , in (B.63). For this,

L(tA9)d ’ B

we utilize the operator norm and its dual norm, the nuclear norm.
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Proposition B.3.12 (Hessian error term). Suppose f: R? — R is a-pseudo-Lipschitz with
constant L(f) (see Assumption 3.1.4). Let the statistic S: R?*! xI' ¢ R% xC* — C3*3 be

defined as in (3.19). Then for each fized z € T and each T > 0, with overwhelming probability,

L(tAD)d] —1
sip > |Ba,,, [E15(S(,2))|F0] | < CL(H) A (B.87)
0<i<T 12

Proof. Fix indices 7,7 € {1,2,3}. Let ¢ denote either
o(z) = S’ge’z(@ = Re S;j(z, 2)

or
o(r) = Szljmz(ac) = Im S;(z, 2).

We prove the scalar estimate for this real-valued ¢. The corresponding matrix-valued
estimate for S(-, z) follows by applying the same bound to all real and imaginary parts
and taking a finite union bound over the 3 x 3 entries. Define II; := QkQ;— and note that

||| = rank(IT;) = 2. Recall

H o vz ®2
e () 1= — L (B VEILVE) + 258, (VETLwy) )

where B := V,, f (1) V() V20 (1) (Vib(2p)) . First, we consider the following term

(B VETWE)| = (9, (1) Vib(a) Vi () (Tib(an) T, VETRVE))|

N

VEWVE]| V2, 2 Tt () (Vo)) T

op

N

VEIWE| Vo 00 IV0@lly [T,

<N E o Ml Vi f (i) 199 i) 15, V20 () | -

From Lemma B.1.6, we have

1 max{1,2a}
Eay Ve £ T3] < CL(P)? (1 KL Hwku)

Using (B.66), we have that [|Vi(zy)ll,, < C(||lzkll). Moreover, we also, by Lemma B.3.6,

have HV2cp(a:k)H0p = HViSij(xk,z)Hop < || V2S (2, )HF < %. Since k < (¢t A9)d, we
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get

Clllzrllo)

max{1,2a}
; )

Bay.. [|(BVEILVE)| [57] < L (14 DRI )

vda' P
(B.88)

Similarly we get that

8, (VETw) )] = (V0 () Vib(ai) Vipla) (V)T (VETTewg ) )

op

<[ (vVEI0) 7| (907 (002 Tot00 v otmn) (o)

< ‘\/Eﬂkkaz Ve f (Tk;)2 HV?/)(%)ng HVQ‘P(‘W)Hop

S Nlop Tkvel® Vo f () V(i) 15, V20 () | -

Upon taking expectations, using Cauchy—Schwarz we have

By o, (1Teve |2V, £ )2 F) < (EUTeve]l4|Fe)) > (BIV, £ )[4 F60) 2

Now by Lemma B.1.6 we know

> max{1,4a}

)

o IV f(ri)[*[F3] < C(L(H)* <1 + \}ZZ 1K (1557 11Wil

and Eq, , , [HHkUkHAL‘?k} = 8, as Il is a projection. Using Lemma B.3.6 on the growth of ¢,
yields
02 Cllial) 1 i)
B |8 (VEn) | J5] < S wp (14 S pmiegz o
(B.89)

As k < (t A9)d, then ﬁ |[Wi|l < VM. The result then immediately follows by combining
(B.88) and (B.89) and summing up with the extra factor v2/d. Applying the scalar bound to
the real and imaginary parts of all nine entries of S(-, z) and taking a finite union bound gives
the displayed matrix norm bound. Since the matrix dimension is fixed, this only changes the

constant. 0

Note that since [I°| < Crd?, all of the same estimates hold uniformly over z € T by a

union bound.
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B.4 Entropy Barrier and High-probability Exponential Decay

This section analyzes the homogenized dynamics in the isotropic squared parameterization
setting. We prove that, for sufficiently small constant stepsize, the risk decays exponentially
with high probability and the dynamics exist globally. The argument is based on an entropy
barrier tailored to the coordinatewise structure of the SDE. First, we derive an exact product
identity for each coordinate pair (U ;, V¢ ;) and introduce logarithmic coordinates in which
the residual u%i — V?,i — 1 has an entropy representation. We then derive an exact SDE for
the empirical entropy and prove deterministic barrier estimates comparing the entropy to
both the coordinate size and the risk. These estimates yield an exponential supermartingale
argument, giving explicit confidence bounds and a high-probability exponential decay theorem.
Finally, we record dynamical consequences of this decay, including integrability of the risk
and uniform separation from the saddle at the origin.

In this section, we specialize to the isotropic setting 8* = 14 and a ~ N (0, I), so that

the risk in (3.3) becomes
d

R(a:):QZ(u?—viz—l)Z.

i=1
We write X; = (Uy, V) for the corresponding homogenized process. For constant stepsize

v > 0, the coordinatewise SDE in (3.4) takes the form

dut,i = —’)/ut’i (u%’z — Vl%,z — 1) dt¢ + 2’7\/ R(DCt) um- d%tﬂ‘, (BQO)
AVei = Ve (U7 — V7 — 1) dt — 29/ R(X;) Vi dDBys, (B.91)
for i =1,...,d, where B, is a standard Brownian motion in R?. We initialize the dynamics

at

U =Vo;=1, i=1,....d

Since the coeflicients are locally Lipschitz, the SDE admits a unique maximal local strong

solution on a random interval [0, ¢), where ¢ € (0, 00| denotes the explosion time.

B.4.1 Ezact Product Identity and Logarithmic Coordinates

We first record an exact product identity for each coordinate pair.
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Lemma B.4.1 (Exact product identity). For each i =1,...,d and all 0 < t < (, we have
U7 V7, = eXp( — 8725), where I := /Ot R(Xs) ds.
In particular, Utzﬂ- >0 and VtQ,z‘ >0 forall 0 <t <.
Proof. By Itd’s formula,
QU =W, (= 29U = VR = 1) + 47°R(X) ) dt + 49 /R(T) U, dBy i
Qv =V (+ 29U = V2 = 1) + 499PR(X:) ) dt — 4y /R(X) V3, dByi

Applying It6’s product rule to ugivt? ;» the martingale terms cancel and the quadratic

covariation contributes
d(UZ;, Ve = —167*R(X)UF V7, dt,
so that
d(u?,ivf,i) = _872R(xt)u?,ivg,i dt.
Solving this scalar ODE and using Uai\?ai =1 gives
Ugi\?gi = exp( - 8721t) > 0.
Because both factors are nonnegative, each must be strictly positive. O

Define

p(I) := V14 de=871t,

Then
p(Iy) +1
2

-0, P(It; — 1 0, P(It;-i- L P(It; —1_ s

By Lemma B.4.1, the product of the two normalizing factors matches U?ZV?l Hence, for

each 7, we may define a unique real-valued process

s, Vi
Zt; = log (M) = ~log ((/’%1})—1)/2)

such that
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For ¢ > 0 and = > 0, define

fe(z) =2 — ¢ — clog(x/c),

and for p > 1 define

®,(z) := p(coshz — 1) +sinh z — z.

Lemma B.4.2 (Logarithmic-coordinate identities). For every 0 < ¢t < ¢ and every i =

1,....d,
U7, — V7, — 1= p(Iy) sinh(Z¢,;) + cosh(Zy;) — 1, (B.92)
ut%i + Vfﬂ- = p(I3) cosh(Zy ;) + sinh(Zy;), (B.93)
D1,y (Zti) = fp(1t2>+1 (U7,) + fp<1t2>71 (V7). (B.94)

Moreover, Uy ; > 0 and Vi; > 0 for all 0 <t < ¢, and hence

dlogUy,; = ( (U, =V, —1) - 27273(3@)) dt + 29/R(X;) dBy, (B.95)
dlogVy; = ( U2 = V2 1) — 27273(9@)) dt — 29/R(X;) dBy . (B.96)

Proof. The identities (B.92)—(B.94) follow directly from the parametrization

I;)+1 I;)—1
UtQ,Z' = pll) +1 t;+ et V%,i = plh) —1 t% e~ %,

Since Up; = Vo; = 1 and neither process can hit 0 before ¢ by Lemma B.4.1, continuity gives
strict positivity. The logarithmic SDEs then follow from It6’s formula applied to log U;; and
log V4 ;. O

For each coordinate, define the entropy density
hii = @y1,)(Ze4) = Fotger (UF,) + Fotgr Vi), 0<t<c (B.97)

The empirical entropy is then the average of these coordinate densities:

d
1
Hy = z; hii. (B.98)
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Equivalently,
1 1
= Z D1,)(Zt) = p Z !fp (I)+1 um )+ fp(zt) L (V2 Z)] .
i=1 i=1
At time t = 0,
p(Io) = V5, Zo,i = —10g<‘/52+1>,
and hence
ho,i=2—\f5+log( 5“) for every i =1,...,d.
Therefore,

H0:2—\/5+10g(

5+1>
)

which is independent of d.

B.4.2  Ezact Dynamics of the Empirical Entropy

Recall that d
1
H, = g ZZ; ht,ia h’t,i = (I)P(It)(z’t’i)'

We next derive the SDE satisfied by the empirical entropy Hy.

Proposition B.4.3 (Empirical entropy SDE). For 0 <t < ¢,

d
1
dH, = ( 8YR(X;) + 472 R(Xy) p Z u?z + \7 )+ p(It)D dt + d My, (B.99)
i=1
where 4
1 t
M= 4753 [ 1o VRET) (U2~ V2, = 1),
=1
and
64~2
d(M); = Ty J R(X)? dt. (B.100)

Proof. Since

O felw) =1— ga Oy fe(T) = %, Ocfe(x) = log(c/x),

It6’s formula gives

A pages (W) =

(U?,i - p”?“) ( —2y(Uf; = Vi — 1) + 4y R(xt)) + 87272(:xt)ﬂ<1t2>“] dt
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I 1)/2
+dy R(D@)(l@i—p(1t2)+1)d%t,i+10g((p( ifij )/ )d(“@“)
tyi

and similarly

dfP(IzQ)—l (V7)) =

(Ve = 2570) (202, = V2 = 1)+ 47RO ) + 872R<xt>'3“21] dt

— 4 /RO (V2 — =)y, + mg((””” oL 2)d(”“21)-

2
Vt,z

Now we compute

(u?’i B %> - (V?z - %) = U, - Vi -1,

(u?,i - %) + <Vt21 - %) = u?,i + V?,i — p(1t).

Moreover, the two moving-target terms have the same finite-variation factor

and also we have
p(It) +1 p(Iy) -1
2 2 '

202 _
U, Vi, =

Therefore the two moving-target terms cancel:

10g<<p<ft%( : 1>/2> . 10g<<p<fti7 . 1)/2) o

Summing the two [t6 identities therefore yields
d®,1,)(Zt4) = ( - QV(U?J - V?,i -1)%+ 472R<xt)(ut2,i + V%,i + P(It))>dt
+ 4y R(Xy) (UF; — V7, — 1)dBy.

Averaging over i and using

d
Z(u§z - V?,z' - 1)2 = 47%(3@)
i=1

SHN

gives (B.99). The bracket identity (B.100) follows from independence of the Brownian

motions:
64~2

X,)? dt.
dR(t)dt

> R(X)(UE; — Vi, —1)*dt =
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B.4.83 Barrier Estimates

We next derive deterministic barrier estimates. The first shows that the empirical entropy
controls the average size of UZ, +V?.. The second gives a dimension-free comparison between

the entropy density ®,,)(Z¢,:) and the squared residual,
(p(I;) sinh(Zy;) 4 cosh(Zy) — 1),
provided we work below a coordinatewise entropy barrier.

Lemma B.4.4 (Pointwise control of U2 + V2 by the entropy). For every p > 1 and every
z € R,

pcosh z + sinh z < 2®,(z) 4 2plog 2. (B.101)

Consequently, for all 0 <t < (,

d
Z U7, +V2,) < 2H, + 2p(1) log 2 < 2H; + 2v/5log 2. (B.102)

&M—‘

Proof. 1t suffices to prove the claim for p > 1, since both sides of (B.101) are continuous in
p and the case p = 1 follows by taking the limit p | 1.

Fix ¢ > 0 and define

gel@) = fo(w) = 5 = 5 —c—clog(efc), @ >0.
Then g.(z) = § — £, so g is minimized at z = 2¢, where g.(2c) = —clog2. Hence

felz) = g —clog?2 for all x > 0.
Applying this with
(c,z) = (pTH, %163>, (c,z) = (%, p%le_z),
and using (B.94), we obtain
Dp(2) 2

(* +egtens) - (et + 5t ) log2

(p cosh z 4 sinh z) — plog 2.

l\D\P—‘[\D\H

Rearranging gives (B.101). Averaging with (p, 2) = (p(I;), Z¢;) and using p(I;) < p(0) = /5
yields (B.102). O
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Lemma B.4.5 (Coercivity under a coordinatewise entropy barrier). Fiz L, > Hy and define
Ky, = {(p,z) 1< p<VE, B,(2) < L*}.
Then Kr, is compact. Moreover, there exist constants
0<mp, < Mp, <o
depending only on L such that, for every (p,z) € K,

mr, ®,(z) < (psinhz + cosh z — 1)2 <M, ®,(2). (B.103)

*

Proof. Since p € [1,v/5] and ®,(z) — oo as |z| — oo uniformly over that interval, Ky, is
compact by Heine-Borel. Consider

(psinh z + cosh z — 1)?

Dy (2) (=#0)

Q(p7 Z) =

As z — 0, we have

2
psinhz + coshz — 1 = pz + = + 0(2%),

2
®,(z) = p(coshz — 1) +sinhz — 2z = ng +0(2%),
and therefore

Q(p,z) = 2p as z — 0.

Thus @ extends continuously across {z = 0} by setting Q(p,0) := 2p. Next,
az(psinhz+coshz—1) = pcoshz+sinhz >0 (p=1),
so psinh z 4+ cosh z — 1 has the unique zero z = 0. Also,
®'(z) = psinh z + cosh z — 1, ®7(2) = pcosh z + sinh z,

with @,(0) = @/,(0) = 0 and ®7(0) = p > 0. Hence ®,(z) > 0 for all z # 0. Therefore the
continuous extension of @ is strictly positive on the compact set K, so it attains a positive

minimum and finite maximum:

0<myg, = II?inQ <max @ =: My, < oo.

L K,

This is exactly (B.103). O
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Lemma B.4.6 (Risk—entropy comparison below the coordinate barrier). Fix L. > Hy. On
any time interval on which

max hy; < Ly,
1<i<d

we have
My,
4

mrp,,

4

H, < R(X) < 2L, (B.104)
Proof. If max; hy; < Ly, then

(p(Iy),Zt) € Kp, for every i.
By Lemma B.4.5 and (B.92),

2 2 2
mr b < (U — Vi, —1)7 < Mp by

Averaging over i and using

d
1
R(X:) = 1d Z(u?,i - Vi —1)?
i—1

gives (B.104). O

B.4.4 FEzponential Decay with FExplicit Confidence

We now prove exponential decay of the empirical entropy, and hence of the risk, using a
coordinatewise entropy barrier.

Fix H, > Hg and L, > Hy, and define the stopping time
Ta, 1, = inf {t €[0,{): H > H, or Igza\x hei > L*} , (B.105)
with the convention inf ) = co.
Lemma B.4.7 (The entropy barrier is hit before explosion). Almost surely,

TH < C.

Proof. Suppose, toward a contradiction, that ¢ < 7y, on some sample path. Then H; < H,

and h;; < L, for every 7 and all ¢ < ¢. Hence

(p(1y),Zs) € Kp, for all ¢ and all ¢t < (.
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Since K7, is compact, the logarithmic coordinates Z;; remain bounded on [0,(). By the

parametrization
2 _ pU)+1 4, o _pI) =1 4,
ut,’l/ = 2 € B ) vt7’b = 2 € & 9

the coordinates Uy ; and V;; remain bounded on every finite interval [0, 7] C [0,(). Therefore
the coefficients in (B.90)-(B.91) remain bounded and locally Lipschitz on a neighborhood of
the attained path. The standard continuation criterion for SDEs then extends the solution

beyond ¢, contradicting maximality. Thus 74 ; < ¢ almost surely. O

On [0,7x,1), Lemma B.4.6 gives

M
T H < R(X) < S Hy
4 4
and Lemma B.4.4 gives
1 d
y > (UF+ V7)) < 2H. +2V5log2, < ThL. (B.106)
i=1
Define
AL = 7(8 — 4y(2H, +2V/5log2 + \/5)) m4L* , (B.107)
and
4y M?
o = %. (B.108)
Lemma B.4.8 (Drift and quadratic-variation bounds before the barrier). Assume
0<y< 2 (B.109)
7S 9H, 1 2V5l0g2 + V5 '
so that Apr,r, > 0. Then, fort < T,
dH; < *)\H,LHt dt + dM;, (B.llO)
and
d(M); < o3y L HF dt. (B.111)

Proof. Starting from Proposition B.4.3 and using (B.106),

dH; < < — 8YR(X¢) + 4v°R(X¢) (2H, + 25 log 2 + \/@)dt + dM;
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= —(8 = 19(2H. +2V/5log2 + v/5) ) R(X,) dt + dM,.

Using the lower bound in (B.104) gives (B.110). Similarly, from (B.100) and the upper bound
in (B.104),

4ry? 42 (M 2 My
(M) = 667 R(X)*dt < 6J< 4L*Ht) it = y L f2 dt.

This is (B.111). O
The next result gives exponential decay up to the coordinatewise barrier.

Theorem B.4.9 (Stopped exponential decay with explicit confidence). Let H,, L, > Hy,
and define Ag,1, and O'%{’L by (B.107)—(B.108). Assume

2

0<v< .
TS OH, 1 2v/Blog2 + 5

Fix 60 > 0 such that

2\
0<b< QH’L,
Om,L
and define
0
pr,L(0) == AL — 50?1@ > 0.
Then
Ho\’
P sup e“HvL(e)sHs >H,. | < <) . (B.112)
0<s<7H,L H*
Proof. Fix 0 < e < Hy and define
7. :=1inf{t € [0,() : Hy < e}, T :=THL AT
On [0, 7], we have H; € [e, H,], so It&’s formula gives
tAT 1 1 tAT 1
log Hinr = log H, —dH; — = — d(M)s.
Og L1¢nT 0g I1g + 0 Hs s 2 0 H52 < >s
By Lemma B.4.8,
1 tAT 1
log Hipnr <logHy — Apgp(tAT)— = —5 d(M)s + Ny,
7 2 0 Hs
where
tAT 1
Nt = —_— dMs

0 H,
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Moreover,
tAT 1

<N>t: . ﬁd<M>S<U%I,L(t/\T)

Thus, for every 6 > 0,

92
5t = exp <9Nt — 2<N>t>

is a positive local martingale, hence a supermartingale. Since

0
pa,L(0) = Au,L — 5012%,

we obtain

69uH’L(9)(tAT)Ht9/\T g Hg exp(@Nt — G(AH,L — ,tuL(Q))(t A T))

92
= HY exp(GNt - ?J%{’L(t A 7'))

< HYE,.

Ville’s maximal inequality gives

H 0
IE”< sup e“HvL(G)SHS > H*> < <0> .

0<s<T H*

It remains to remove the auxiliary lower stopping time 7.. Define
70 := inf{t € [0,() : H; = 0}, Se :=TH N\ T, So = TH,I, \ To.
Since H; is continuous and nonnegative, S, 1T Sy pathwise as € | 0. Therefore,

{ sup ety > H*} 0 { sup erHrOsp > H*} )

0<s<Se 0<s<So

By continuity from below of probability, the estimate obtained above gives

H 6
P( sup e“H»L(e)SHS > H*> < <0> )
0<5<S0 H,

Finally, H; = 0 is absorbing. Indeed, if H; = 0, then every coordinate entropy density

ht; vanishes, hence Z;; = 0 for every . Therefore

Uii — \7?71- -1=0 for all 4,
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so R(X:) = 0. The drift and diffusion coefficients in (B.90)-(B.91) then vanish, and by

pathwise uniqueness the solution remains constant thereafter. Thus

sup e/JH,L(e)SHS = sup B#H,L(Q)SHS‘

0<s<So 0<s<7H,L

This proves (B.112). O
We now give a pathwise criterion for removing the coordinatewise barrier. Let
My, H,
Var(0) := : .
1O = )
For n € (0,1), define
4d
Ry (6,n) = \/QVH,L(H) log<n>,
and
pH,L(0) = exp(—472VH7L(0)) .
Set
1
AH,L(G) = arcsinh() s BH,L(07 17) = 2COSh(AH,L((9) + 8’)’RH7L<9,77)) .

2pm,1(0)

Finally, define
pa,L(0)? 1+ 4pg,(0)* —1 _ Vb1
0,n) = =—"—"— 0) = : =
CH,L( 777) BH,L(9777)’ QH7L( ) 92 ) c 2 3

and

Lur(6,n) =2 sup fe(z). (B.113)

CE[QH,L(G)vE]
IE[CHyL(Q,n),BH,L(evn)]

Lemma B.4.10 (Removal of the coordinatewise entropy barrier). Assume the hypotheses of

Theorem B.4.9. Fizn € (0,1) and suppose that
L, > EH,L(9777)-
Then
0
P(C = 0o and Hy < Hoe PO for qll ¢ > 0> >1- () =N

Moreover,

M %
IP’<C =00 and R(X;) < 4L* H,e L) for allt > O> >1- <> —n.

(B.114)

(B.115)

(B.116)
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Proof. Let

0<s<7H,L

Ey = { sup etmrOspg < H*} i

By Theorem B.4.9,

s (Y

On Ey, forall t < 7gr,
H, < H*e_NH,L(G)t.

Using Lemma B.4.6, we get

For each coordinate define the martingale

t/\TH,L
Nt,i = \/R(DCS) d%s,i'
0
On Ejy, its quadratic variation is bounded by Vi 1,(0). Therefore, by the reflection principle

and a union bound over ¢ = 1,...,d,

]P’<EH N {max sup | Ng ;| > RH,L(&??)D <.

1<i<d >0

Let En denote the complementary martingale event. On Eg N Ey, define
~ Uy
Zy; =1 — .
t,% og ( Vt,i )

Up i Ve; = exp(—472L)

Since

we have, for t < 7y 1,

Uy Ve = pa,n(0).
Moreover, Itd’s formula gives
A2y, = (—4fyut,ivt,i sinh(Zy) + 27) dt + 47/R(%X;) dB.
Thus the noise-compensated process

Y5 = zt,i — 4Ny
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satisfies

d ~
ayt,i = —4yUy Vi sinh(Zy ;) + 2.

A deterministic barrier argument gives, for every t < 7g 1,
12t < An,p(0) +8vRu,L(0,n).

Consequently,
u?,i + V%,i = 2Uy i Vi cosh(Zy) < By,(0,n),

and, since
Uy, Vi = pa,(0),

we also have
)
um-, VM- 2 CH,L(Q, Tl)
Moreover,

pe) +1

p(ly) — 1
B> cu.(9), > <

2 =
Therefore, by the definition of £g 1,(8,7), we have

ht,i = fp(1t2>+1 (ufz) + fﬂ<1t2)71 (V?z) < £:H7L(97 77) < L.

Thus the coordinatewise entropy barrier cannot be hit on EFy N Exn. The entropy barrier
H; = H, cannot be hit either, because on Exg we have H; < Hoe raLOt < H_ for all
t < 7h,r. Hence 7, = oo on Ey N En. By Lemma B.4.7, this also implies ¢ = 0.

The entropy decay estimate follows from the definition of Efr, and the risk decay follows

from the upper bound in (B.104). The probability bound follows from

Hy\’
IP(EHQEN) >1- <H> —n.

B.4.5 High-probability Decay at Prescribed Confidence

The previous theorem gives an explicit confidence estimate. For fixed d, H,, L, and ~y, the
admissible range of 6 is finite. By choosing the stepsize sufficiently small, we can achieve a

prescribed confidence level.



191

Corollary B.4.11 (High-probability decay for sufficiently small stepsize). Fiz H,, L, > Hy,
and § € (0,1). Define

9 log(2/9)
S = T oy
log(H./Ho)
and
_ 2
VH,L,§ = Y
2H. + 251022 + V5 + ;.20
Assume
0<vy<A9m,.Ls-
Then
272 M?
pa,L(0) == mL*’}/<2 —y(2H, +2V51log 2 + \/5)> Sl 7 L-gs > 0.

Suppose further that the coordinatewise barrier is chosen so that

L, > SH,L <¢95, ;;) , (B.ll?)

where L1, is defined in (B.113). Then

My,

IP’(C =00 and R(X;) < H,e POt for gl t > O> >1-4. (B.118)

Ho\" _§
H., )

The condition v < yg 15 is exactly equivalent to

Proof. By construction,

2 m,L

2 b
om,L

05 <

where Ay 1, and 0% ; are defined in (B.107)—(B.108). Moreover,

0
MHLQ):AHL—“gaﬁL

Thus Lemma B.4.10 applies with § = 65 and n = §/2. Substituting these values into (B.116)
gives (B.118). O
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Squared Parametrization
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Figure B.1: Coordinatewise entropy barriers and exponential risk decay on a
diagonal linear network. The figure illustrates the entropy-barrier mechanism from
Appendix B.4. The top-left panel shows the empirical entropy Hy, while the bottom-left
panel shows the largest coordinatewise entropy density max; h;;; the red dashed lines mark
the barriers H, and L. The top-right panel plots the risk—entropy ratio 4R(X;)/Hy, with red
dashed lines marking empirical coordinatewise coercivity constants my, and My estimated
from the coordinate quotients ¢;;. The bottom-right panel shows the risk R(X;) on a
logarithmic scale, together with exponential envelopes of the form (Mp,/4)H,e . We
plot these envelopes for all tested stepsizes, including those beyond the theorem’s certified
small-stepsize regime, illustrating that the predicted exponential decay persists empirically

beyond the sufficient condition.

B.4.6 Risk Integrability and Dynamical Consequences

We now record two consequences of the high-probability exponential decay: integrability of

the risk and uniform separation from the saddle.



Lemma B.4.12 (Finite integral of the risk). On the event in Corollary B.4.11,

ML *
R(Xs)ds < * < 0.
L/m 4 pw,(0)

Proof. On the event in Corollary B.4.11,

My,

R(X;) < H,e Hur@t  forall ¢ > 0

Therefore

o M o0 My, H,
/ R(X,)ds < —2H, / ehiL(0)s qg = ke .
. 4 0 4 pw,(0)

Non-explosion via Risk Integrability
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(B.119)

Although Corollary B.4.11 already includes { = oo, the following pathwise argument explains

why risk integrability prevents finite-time explosion.

For each coordinate define

u .
Z“:—log<W > 0<t<C(.

By Lemma B.4.1,
ut,ivt,i = exp(—4nyIt) .

Applying Ito’s formula to it,i =log U ; — logV;; gives
A2, = (—4yut7ivt,i sinh(Zy) + 27) dt + 4y/R(X;) dBy.

Lemma B.4.13 (Pathwise coordinate bound from risk integrability). Assume

/ R(Xs)ds < oo.
0

Then, for every coordinate i,

sup (U?ﬂ- + V%Z) < 00 almost surely.
0<t<¢

Consequently, finite risk integral is incompatible with finite-time explosion.

(B.120)
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Proof. Define the continuous martingale

t
Nij = / VR, dB, .
0
Its quadratic variation satisfies
o0
(Ni)oo = / R(Xs)ds < 0.
0
Hence N;; converges almost surely as ¢ — oo, and therefore

N :=sup|Ng;| < o0 almost surely.
20

Let
_Pt = ut7ivt7i = 6Xp(-4’72]t).
Since I, < 0o, there exists

Poo = eXp(*4r72Ioo) >0

such that P, > ps for all £. Define
Yi = zt,z’ — 4y Ny

By (B.120),
d

EHM = —4vP, Sinh(zt,i) + 27.

A deterministic barrier argument gives

o~ 1
|Z¢i] < 8YN] + arcsinh(> for all ¢.
2poo

Therefore,

o~ 1
U?ﬂ- + V?}i = 2P, cosh(Z;;) < 2cosh <87Ni* + arcsinh <2p>> < 0.
o0

Thus all coordinates remain bounded on finite time intervals. Since the SDE coeflicients are

locally Lipschitz, the standard continuation criterion rules out finite-time explosion. ]
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Uniform Separation from the Saddle via Risk Integrability

We now show that risk integrability also prevents the dynamics from approaching the saddle

at the origin.

Lemma B.4.14 (Uniform separation from the saddle). If
o
/ R(Xs)ds < oo,
0
then, for every coordinate i and all t > 0,
u?,i + V?,i Zm,

where
m = 2exp<—4’yz/ R(Xs) ds) > 0.
0

Proof. By the arithmetic-geometric mean inequality,
u%,i + VtZ,i > 2Uy V.

Using Lemma B.4.1,
t
U iVii = exp (—472/ R(Xs) ds) .
0

Therefore

t 00
U?ﬂ- + V?,i = 2exp <—4ny/ R(Xs) ds) > Qexp(—4fy2/ R(Xs) ds) =:m.
0 0

Since the integral is finite, m > 0. O

Combining Corollary B.4.11 with Lemma B.4.14, we obtain that, with probability at least
1 — 6, the dynamics exist globally, the risk decays exponentially, and the coordinates remain
uniformly separated from the saddle:

2 ML*H*

U2, + V2. > 2ex (
t,1 t,e p 7 ,LLH,L(CS)

) forallt >0, i=1,...,d.

B.5 Examples

In this section, we provide further key learning problems within our family of models.
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B.5.1 Mean-squared Error

One canonical example of (3.7) is the outer function f: R* — R given by f(r) = 1(r; —ra)2.
In this case, the problem is

min { R(z) = 5y Balbl) = %0 = 5 (6(0) = 50 K@) - 57, (Ba21)

zeR24

and satisfies

I(B(2)) = Ea[Vr, f(r)?] = 2R(x) = 2h (B(2)) = B(2)11 — B(x)12 — B(x)21 + B(x)2.

Moreover,
1 1<
= Tr (V*R(z)) = p Z K {(2(111161' + 2q19v; + 1) + (2q12ui + 2g220; + l2)2]
i=1
5 d
+ g(fhl + q22) ;Kz (Y(z) — B%); -

Remark B.5.1. Note that both R(z) and 3 Tr (V?*R(z)) satisfy Assumption 3.3.6. Conse-

quently, their SGD dynamics concentrate and can be analyzed via Theorem 3.3.7.

Example B.5.2. The simplest parametrization is to consider ¢ (x) = u which corresponds

to the classical leas-squares framework,

1
in — E,(u— 8%, a)°. B.122
min, 57 (u—pB% a) ( )
0 0 1
Here, ¥(u,v) = u for Q = , = ,and ¢ = 0.
0 0 0

Example B.5.3 (Diagonal Linear Network, Standard Parametrization). This formulation
arises in the problem of minimizing the expected squared risk over a standard depth-two

diagonal linear neural network, represented by

1
min — E,(u®v — 3%, a)? (B.123)
u,veRd 2d
0 3
Here, ¥(u,v) =u®v for Q = = ,and ¢ = 0.

N[
es}
o
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Example B.5.4 (Diagonal Linear Network, Squared Parametrization). The most relevant
example is the squared parametrization of the linear regression model. The optimization

problem associated with this parametrization is formulated as

1
in — E,(u® —v? — 8%, a)>. B.124
Juin a(u” —v" = % a) (B.124)
1 0 0
Here, 1 (u,v) = u? —v? for Q = L= ,and ¢ = 0.
0 -1 0

B.5.2 Binary Logistic Regression

We consider the setting of (3.7) with outer function f: R? — R given by

) — ry . ()

=7 1] 1).
1 oxp(ra) + 1 + log(exp(r1) + 1)

In this case, the problem takes the form

exp((8*, a)/Vd)
exp((6*, a)/Vd) + 1

and, using a multivariate normal distribution as in [21], satisfies

min {R(x) = —E,(¥(x),a)/Vd-

zeR24

T log(exp(((x), a)/Vd) + 1>}7

-
B 1 . exp(?) - u u

R(z) =h(B(x)) = - /]R? (—u @) 1 1 + log(exp(u) + 1)> exp | — ) ) dudv

U U
where = /2L and B(z) = LL".

v v

Analogously, since
_exp(ra) exp(ry)
Vrflr) = exp(re) +1  exp(ry) +1’
we obtain
-
1 exp(?) exp(@) \? u u
I(B(z)) =E P _ .
(B(z)) alVr F(r)7] T /R? < exp(0) + 1 + exp(a) + 1 exXp v y dudv

B.6 Numerical Simulation Details

Here we provide more details for the figures that appear in the main paper.
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Figure 3.1: Three views of empirical risk dynamics for SGD on a diagonal linear
network: concentration, spectral effects, and regime transitions. Left: Identity covariance
K = I;. As the dimension d increases, the risk trajectory of SGD concentrates around a
deterministic limit (shown in red), as characterized in Theorem 3.3.7. Middle: Power-law
covariance spectrum. Our homogenized SGD prediction (transparent) from Theorem 3.3.7
closely tracks SGD (opaque) over a range of power-law exponents [, at fixed dimension
d = 103. Right: Identity covariance K = I at fixed dimension d = 103. Varying the stepsize
~ reveals distinct convergence/divergence regimes; the homogenized prediction remains
accurate even for stepsizes above the convergence threshold.

The left and right panels use the squared parametrization (Example B.5.4), whereas
the middle panel uses the standard parametrization (Example B.5.3). For the power-law
spectrum, eigenvalues are generated via inverse-CDF sampling: draw u; ~ U(0, 1) and set
A = ui/(l_ﬁ), yielding i.i.d. \; € [0,1] with density p(A) = (1 — B)A75. We set £* = 14 and
initialize SGD at up = vg = a1y with a = 0.6 (left and right), and at ug = 214, vo = 0
(middle). Curves are aggregated over 30 independent stochastic runs. The stepsize is fixed to
v = 0.1 (left) and v = 1.1 (middle); in the right panel, 7 is swept across the displayed range
at fixed d = 103,

Numerical construction of the theoretical curve: The contour-integral evaluation
used to recover the theory curve is very sensitive to the choice of contour radius. Under
symmetric initialization (ug = vp), a single contour C);(0) suffices; we empirically verify that
|zk]lco < M along the trajectory and use M = 1.3 with N = 100 contour discretization
points. If M is too small, the condition ||xg||cc < M is violated, leading to incorrect contour
integrals and a mismatch (notably at initialization) between SGD and the PDE prediction; if
M is too large, the PDE solver may overflow. Accordingly, M must be calibrated for each

initialization.

Figure 3.2: Curvature dynamics for SGD on a diagonal linear network. Left:
The evolution of the curvature measured by the scaled trace of the Hessian éTr(VQR) is

shown alongside the empirical risk R, illustrating “flat” progress in which the risk increases
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sharply accompanied by a marked drop in curvature as we vary the stepsize . Right: As the
dimension d increases, the curvature dynamics of SGD concentrate around a deterministic
limit (shown in red), as proven in Theorem 3.3.7. The left panel corresponds to the
squared parametrization (Example B.5.4), while the right one corresponds to the standard
parametrization (Example B.5.3).

Note that in the standard parametrization, the scaled Hessian trace simplifies to
Tr(V2R(z)) = 52?:1 Kii(u? +v?). We set 8* = 1, and K = I, and initialize SGD
at up = vg = a1y with a = 1.0 (left) and o = 0.6 (right). Curves are aggregated over 30
independent stochastic runs. Left: fixed d = 10® with a sweep over . Right: fixed v = 0.1

with varying d. We use M = 1.0 and N = 300 for the contour construction.

Figure 3.4: Risk discrepancy between SGD and its continuous-time approxima-
tions on a diagonal linear network. For each stepsize v, we report the absolute difference
between the empirical risk of SGD after T-d iterations (with 7" = 20) and two approximations:
(i) homogenized SGD (HSGD) (3.14) (blue), and (ii) stochastic gradient flow (SGF) (3.17)
(pink). As 7 increases, the proposed HSGD—which captures large stepsize effects—provides a
progressively more accurate approximation of SGD, whereas SGF is derived under a vanishing
stepsize regime and thus degrades for larger . Initialization scale o controls proximity to the
saddle point x = 0: smaller o corresponds to a longer transient before learning accelerates.

We consider the squared parametrization (Example B.5.4) with mean-squared error, in
the sparse recovery setting of |75]. The ground-truth signal satisfies 5 =1 for 1 <i <5
and B = 0 for i > 5, with covariance K = I; and dimension d = 100. SGD is initialized at
ug = vy = aly, with o = 0.01 (left) and o = 0.1 (right), and results are aggregated over
30 independent stochastic runs. Both HSGD and SGF trajectories are simulated using the

Euler-Maruyama method with time step dt = 278.

Figure B.1: Coordinatewise entropy barriers and exponential risk decay on a
diagonal linear network. The figure illustrates the entropy-barrier mechanism developed
in Appendix B.4. The left panels track the two quantities that define the controlled regime of

the proof: the empirical entropy H; and the largest coordinatewise entropy density max; hy ;.
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The red dashed lines mark the corresponding barriers H, and L,. Across the tested stepsizes,
the trajectories remain below these barriers, indicating that the dynamics stay in the regime
where the coordinatewise entropy-barrier argument applies.

The top-right panel displays the risk—entropy ratio 4R(X;)/H;. The red dashed lines
mark empirical estimates of the coordinatewise coercivity constants my, and My, . These

constants are estimated from the coordinate quotients
(Ui —vi, - 1)?
hy i ’
rather than directly from the averaged ratio 4R(X;)/H;. Specifically, we pool the lower and

qti =

upper coordinate-quotient summaries across all stepsizes and stochastic runs, restricted to
times satisfying Hmin < Hy < Hy and max; hy; < Ly, and then take robust quantiles to
estimate myp, and My, . The panel visualizes the theorem’s risk—entropy comparison: while
the coordinatewise barrier holds, the averaged ratio 4R(X;)/H; should remain controlled by
the same coercivity constants.

The bottom-right panel shows the risk R(X;) on a logarithmic scale. The dashed curves

are the exponential envelopes suggested by the theorem, of the form

M
L He

using the empirical constants my, and My, from the coordinatewise quotient estimates. In
the theorem, this bound is guaranteed under a sufficient small-stepsize condition ensuring a
positive decay rate. In the experiment, we plot the same exponential envelope for all tested
stepsizes, rather than suppressing curves outside the certified small-stepsize range. This
highlights that the predicted exponential decay behavior appears to persist empirically even
for stepsizes larger than those directly covered by the sufficient condition.

Shaded regions denote the 10th—90th percentile range over independent runs, and solid
curves denote the median trajectory. We simulate the isotropic squared-parametrization
setting with 8* = 14, covariance K = I;, Gaussian covariates a ~ N(0,1;), and ini-
tialization ug = vg = 14. The dimension is d = 103, the time horizon is T = 30,
and results are aggregated over 30 independent stochastic runs for each constant step-
size v € {0.04,0.03,0.02,0.01,0.005,0.001}. The horizontal axis is the rescaled time t = k/d,

i.e., SGD iterations divided by the dimension.
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